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Abstract
In this project, we model a vibrating drumhead. A vibrating drum-

head can be modeled by the wave equation in polar coordinates.

1 Modeling of a Vibrating Drumhead

The motion of a vibrating drumhead can be described by the wave equation
in polar coordinates

PDE: utt = c2
(
urr +

1

r
ur +

1

r2
uθθ

)
, 0 < r < 1. (1)

Here we consider our drumhead as a unit circle (circle with radius 1). The
solution u = u(r, θ, t) stand for the height of the drumhead from the plane
(where u = 0). The rim of the drumhead must be tied down, so we naturally
impose the boundary condition

BC: u(1, θ, t) = 0, 0 < t < ∞. (2)

In order to describe motion of the drumhead, we also need to specify the
initial conditions

ICs:
u(r, θ, 0) = f(r, θ)

ut(r, θ, 0) = g(r, θ)
(3)

that are, respectively, the initial position and the initial velocity of the drum-
head.
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Separation of Variables Method

We solve the wave equation using the separation of variables method. We
assume that u(r, θ, t) takes the form

u(r, θ, t) = R(r)Θ(θ)T (t). (4)

This assumption allows us to reduce the wave equation (1) to three ordinary
differential equations

T ′′ + λ2c2T = 0 (5)

r2R′′ + rR′ + (λ2r2 − n2)R = 0 (6)

Θ′′ + µΘ = 0 (7)

where λ and µ are nonzero constants. The equations (5) and (7) are simple
harmonic oscillators. The equation (6) is called Bessel’s equation. R(r)Θ(θ)
determines the shape of the drumhead while T (t) determines the oscillatory
motion of the drumhead.

The Angular Sturm-Liouville Problem

The function Θ(θ) satisfies the Angular Sturm-Liouville Problem

Θ′′ = µΘ

Θ(0) = Θ(2π) (Periodic BC)

The periodic BC is imposed because we want Θ to be periodic with period
2π.

The eigenvalues must have the form

µ = −n2, n = 0, 1, 2, · · · .

The corresponding eigenfunctions are

Θ0(θ) = 1

Θ1
n(θ) = cosnθ

Θ2
n(θ) = sinnθ.
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The Radial Sturm-Liouville Problem

The function R(r) satisfies the Radial Sturm-Liouville Problem

r2R′′ + rR′ + (λ2r2 − n2)R = 0, 0 < r < 1 Bessel’ equation)

R(1) = 0

R(0) < ∞ (physical condition)

The Bessel’s equation has two independent solutions

R1(r) = Jn(λr) =
∞∑
k=0

(−1)k(λr)2k+n

22k+nk!(n+ k)!
(8)

R2(r) = Yn(λr) =
2

π
Jn(λr)

[
ln

(
λr

2

)
+ γ

]
+

2n

π(λr)n

∞∑
k=0

βnk

22kk!
(λr)2k (9)

Here γ is the Euler-Mascheroni constant

γ = lim
n→∞

[
n∑

k=1

1

k
− lnn

]
and βnk are the numbers defined by

βnk =

{
−(n− 1− k)! if k ≤ n− 1

(−1)k−n−1 (hk−n+hk

(k−n)!
if k > m− 1

where hp =
∑p

i=1
1
i
. The solution (8) and (9) are called, respectively, the n-th

order Bessel function of the first kind and the n-th order Bessel function of the
2nd kind. The general solution R(r) is then given by the linear combination

R(r) = AJn(λr) +BYn(λr).

Since Yn(λr) is not defined at r = 0, B = 0. By the BC R(1) = 0, we obtain

Jn(λ) = 0. (10)

The solutions λnm of equation (10) are the eigenvalues. The corresponding
radial eigenfunctions are then given by

Rnm(r) = Jn(λnmr). (11)
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Figure 1: Bessel functions J0(x) (red), J1(x) (blue), J2(x) (pink), J3(x)
(green) on [0, 20]

Oscillating Factors

The oscillating factors are determined by the equation

T ′′ + λ2
nmc

2T = 0. (12)

The solutions are

Tnm(t) = C cos(λnmt) +D sin(λnmt). (13)

The Solution of the Vibrating Drumhead Prob-

lem

Finally the solution of our vibrating drumhead problem can be written as

u(r, θ, t) =
∞∑
n=0

∞∑
m=1

Jn(λnmr) cos(nθ)[Anm cos(λnmt+Bnm sin(λnmt)]. (14)
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Using the orthogonality of Bessel functions, we can determine the coefficients
Anm and Bnm as follows:

A0m =
1

2πL0m

∫ 2π

0

∫ 1

0

f(r, θ)J0(λ0mr)rdrdθ, m = 1, 2, · · · (15)

Anm =
1

πLnm

∫ 2π

0

∫ 1

0

f(r, θ)Jn(λnmr) cos(nθ)rdrdθ, n,m = 1, 2, · · · (16)

B0m =
1

2πλ0mL0mc

∫ 2π

0

∫ 1

0

g(r, θ)J0(λ0mr)rdrdθ, m = 1, 2, · · · (17)

Bnm =
1

πλnmLnmc

∫ 2π

0

∫ 1

0

g(r, θ)Jn(λ0mr) cos(nθ)rdrdθ, n,m = 1, 2, · · ·

(18)

where

Lnm =

∫ 1

0

Jn(λnmr)
2rdr, n = 0, 1, 2, · · · , m = 1, 2, · · · . (19)

Example

We solve an explicit model of a drumhead with c = 1, f(r, θ) = J0(2.4r) +
0.1J0(5.52r), and g(r, θ) = 0. Pictures in the last page show some still images
of the motion of the resulting drumhead.

The animation of this drumhead can be viewed at http://www.math.usm.
edu/lee/drumhead.gif.
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