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ABSTRACT. In this paper, we study flat Lorentz surfaces (i.e. conformal
timelike surfaces)in anti-de Sitter 3-space H3(—1) in terms of the confor-
mal structure determined by the second fundamental form (the second
conformal structure). Those flat Lorentz surfaces can be represented in
terms of a Lorentz holomorphic and a Lorentz anti-holomorphic data
with respect to the second conformal structure. The conformality of
the hyperbolic Gau3 map is also discussed. Using the connection of flat
Lorentz surfaces in H?(—l) to a hyperbolic Monge-Ampeére equation,
we find that there is a correspondence between flat Lorentz surfaces in
H3$(—1) and a class of anti-self-dual gravitational instantons.

INTRODUCTION

Let M be a semi-Riemannian manifold and M C M a hypersurface with
the sectional curvatures K and K, respectively. Let S be the shape operator
derived from the unit normal vector field IV on the hypersurface M. If X|Y
span a nondegenerate tangent plane on M, then the Gaufl equation is given
by (see for instance [14])

- (S(X), X)(S(Y),Y) — (S(X),Y)*
(1) KX,2Y)=K(X,Y)+e X, X) (Y, V) — (X2 ,

where € = (N, N). If M is a 3-dimensional space form i.e. a 3-dimensional
space of constant sectional curvature, say k, and M C M a surface. Then (1)
is written as

det IT
€
det I

where K is the GauBian curvature of M, and I, II denote the first and the
second fundamental forms of M respectively. If M is flat i.e. K =0, then we
have

(3) det IT = —kedet I.

(2) K=K+
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It follows from (3) that if —xe > 0 then the second fundamental form II may
determine a conformal structure on M. Such a conformal structure is called
the second conformal structure. In order for M to have the second conformal
structure, either k > 0,e < 0 or K < 0,e¢ > 0. Thus, if M is Riemannian,
M = H3(—c?), hyperbolic 3-space of sectional curvature —c?, is the only 3-
dimensional space form in which flat surfaces can have the second conformal
structure. If M is semi-Riemannian®, only flat spacelike surfaces in S$(c?), de
Sitter 3-space of sectional curvature ¢, and flat timelike surfaces in H3(—c?),
anti-de Sitter 3-space of sectional curvature —c?, can have the second con-
formal structure. Flat surfaces in H?(—1) and flat spacelike surfaces in S3(1)
cases are studied by Gélvez, Martinez, and Mildn in [6] and [7], respectively.
In this paper, we study the only remaining case, flat timelike surfaces in
H3(—1). It turns out that flat timelike surfaces in H$(—1) can be obtained
by a representation formula in terms of a Lorentz holomorphic and a Lorentz
anti-holomorphic data with respect to the second conformal structure. The
conformality of the hyperbolic Gaul map of timelike surfaces in H3(—1) is
also studied. We show that the hyperbolic Gaul map of a timelike surface
in H3(—1) is conformal with respect to the second conformal structure if and
only if the timelike surface is flat and totally umbilic. Flat timelike surfaces
are associated with a hyperbolic Monge-Amere equation. Using this connec-
tion, we show that there is a correspondence between flat timelike surfaces in
H3(—1) and a class of anti-self-dual gravitational instantons.

1. LORENTZ SURFACES IN ANTI-DE SITTER 3-SPACE

Let E3 be the semi-Euclidean 4-space with coordinates (z°, 2%, 2%, 2®) and
the semi-Riemannian metric ( , ) of signature (—, —, +,+) given by the qua-
dratic form —(dz%)? — (dz')? + (dz?)? + (dx®)?. The anti-de Sitter 3-space
H3(—1) is a Lorentzian 3-manifold of constant sectional curvature —1 that
can be realized as the hyperquadric in Ej:

H3 (1) == {(«°, 2%, 22,2°%) € B} : —(2°)2 — (21)? + (2?)% + (2%)2 = —1}.

Let D be a 2-dimensional orientable domain? and ¢ : D — H3(—1) an im-
mersion. The immersion ¢ is said to be timelike if the induced metric I on
D is Lorentzian. The induced Lorentzian metric I determines a Lorentz con-
formal structure C; on D. More specifically, if (z',’) is a Lorentz isothermal
coordinate system with respect to the conformal structure Cy, then the first
fundamental form is given by I = e?{—(dz’)?+(dy’)?} where p is a real-valued
smooth function defined on D. Hence a timelike immersion ¢ being conformal

Lalso called pseudo-Riemannian
2A connected open set as usual.
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is equivalent to the conditions:

<<p$" 9030'> = —e”, <‘/7y’v ‘F’y’> =e’,

(@ars pyr) = 0.

These conditions are said to be conformality conditions and a conformal time-
like surface is said to be a Lorentz surface hereafter. Let v’ := 2’ + 3’ and
v’ := —x’ +y'. Then (uv/,v") defines a null coordinate system with respect to

the conformal structure C;. The first fundamental form I is written in terms
of (u/,v) as

(4)

I =cePdu'dv.
The differential operators a?u and 8?}, are given by

9 _1(0 0N o _1( 0 o

ou  2\ox  Oy')’ ov 2\ ox Oy )’
With these differential operators, one can speak of Lorentz holomorphicity
and Lorentz anti-holomorphicity. A map f : D — E? is said to be Lorentz
holomorphic (Lorentz anti-holomorphic) if gg, =0 (gl{, = 0, respectively).

The conformality conditions (4) are equivalent to

(s ur) = (Purs o) =0, (pur; pur) = %6”-
Let N be a unit normal vector field of . Then
(N,N) =1, {p,N) = {pu, N) = (¢, N) = 0.
The mean curvature H is computed to be H = 2e™?(py, N). Let Q :=
(purws N) and R := (@yry, N). The quadratic differential
Q := Qdu"* + Rdv'?

is then called Hopf differential. The Hopf differential is defined globally on
the Lorentz surface (D, Cr). The second fundamental form II of D is given by

II=9+HI.

A point p € D is said to be an umbilic point if II is proportional to I at p
or equivalently p is a common zero of @ and R, i.e. Q(p) = 0.

If K is the Gauflian curvature, then the Gaufl equation which describes a
relationship between K, H, @, R takes the form :

(5) H? - K —1=4e *QR.

The semi-Euclidean 4-space [Ej is identified with the linear space M(2,R)
of all 2 x 2 real matrices via the correspondence

0 3 1 2
o 0 1 2 3 X +.’I} X +$
(6) u—(x7x,x,x)<—><_x1+x2 xo—x3>'
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The inner product of E§ corresponds to the inner product of M(2,R)
1
(7) (u,v) = i{tr(uv) —tr(u) tr(v)}, u,v e M(2,R).

In particular, (u,u) = —detu so the correspondence is an isometry. The
standard basis {eg, €1, €2, e3} for E3 is then identified with the matrices

(1t 0y . (0 1\ , (01 , (1 0
(o)) =) e )

{1,1,j',k’} satisfies the properties:
2=-1,j=x"=1,
i = —ji=K, jk = —Kj =i, Ki=—ik' =j.

A 2 x 2 matrix of the form z°1 + 2'i + 22§’ 4+ 23K’ is called a split-quaternion
or a paraquaternion. The set H' of all split-quaternions is an algebra over real
numbers and by (6) H’ is identified with E3. The group G of timelike unit
vectors corresponds to a special linear group

&@mz{@ QeM@R%M—M:%.

The metric of G induced by the inner product (7) is a bi-invariant Lorentz
metric of constant curvature —1. Hence, G is identified with H$(—1).

The Lie group SL(2,R) x SL(2,R) acts isometrically on E3 via the group
action:

(8) (91,92) - u = giugh

for g1,g2 € SL(2,R) and u € E3. This action is transitive on H3(—1). The
isotropy group of SL(2,R) x SL(2,R) at 1 is K = {(g,(¢71)?) : g € SL(2,R)}
and H$(—1) is represented as the Lorentzian symmetric space SL(2,R) x
SL(2,R)/K. The natural projection m : SL(2,R) x SL(2,R) — H3(—1) is
given by 7(g1,92) = 9195

It is worth noting that there is another useful action of SL(2,R) x SL(2, R)
on [E3, the so-called diagonal action:

9) (g91,92) - u=giug; "

for g1,g2 € SL(2,R) and u € E3. This action is again isometric on E3 and
transitive on H3(—1). The reason why it is called the diagonal action is that
the isotropy subgroup of SL(2,R) x SL(2,R) at 1 is the diagonal subgroup
A = {(g,9) : g € SL(2,R)}; hence Hj(—1) can be also represented as the
Lorentzian symmetric space SL(2, R) xSL(2,R)/A. The natural projection  :
SL(2,R) x SL(2,R) — H(—1) is then given by 7(g1, g2) = 9195 *. Hereafter
we use the action (8) only but it should be mentioned that this action is not
particularly more advantageous than the diagonal action (9).



FLAT LORENTZ SURFACES IN H?(—l) 5

The action (8) induces (so does the diagonal action) a double covering
SL(2,R) x SL(2,R) — SOT%(2,2), where SOT7(2,2) denotes the identity
component of the pseudo-orthogonal group O(2,2). The frame field {e, :
a = 0,1,2,3} can be then parametrised as follows: for each g = (g1,92) €
SL(2,R) x SL(2, R),

eo(9) = 9119, ei(g) = giigh, ea(g) = g1i'gh, e3(g) = g1k gh.

Let D be a 2-dimensional simply connected orientable domain and ¢ :
D — H$(—1) a Lorentz surface with unit normal vector field N. Then we
can define an orthonormal frame field F : D — SO (2,2) along ¢ by

(10) F= (90’ e—p/z%ﬂ/ ) eip/zsoy’a N)
= ((Pa e_p/Q((pu’ - @v’)a e_p/Q(@u’ + 901)’)7 N)

By means of a double covering induced by the group action (8), one can find
a lift F' = (Fy, Fy) (called a coordinate frame) of F to SL(2,R) x SL(2,R)
such that

(11) Fl(lala.]/7k,)F2t =F.

Each component framing F3; and F» satisfy the following system of first order
linear equations, so-called Lax system:

(F1)w = F1Us, (F1)y = F1V4,

12
(12) (F2)uw = FoUs, (F2)y = F2Vs
where
G pwlh PHLD) . ( —pu/d PR
b *eip/QQ —pur /4 P *%6P/2(H -1 pu/4 )’

—pur [4 e P?Q por/d  5e(H +1)
Uz = Lop/2 V2= Zo2p :
“LePH-1)  pujt e PR

The compatibility condition Fy s = Fy, gives the Maurer-Cartan equations

(13) U)o = (V) = [Ur, 1] = 0,
(14) (U2)or — (Va)ur — [Ua, Vo] = 0.

Each of these equations is equivalent to the Gaufl-Mainardi-Codazzi Equations

1
(15) Puror + 5ef'(H2 —1)—2QRe " =0,
(16) Hy =2e7°Qy, Hy =2e PR,
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2. FUNDAMENTAL EQUATIONS

In this section we derive some fundamental equations that we need in order
to study flat Lorentz surfaces in the following sections.

Proposition 1. Let D be a 2-dimensional simply connected domain with
isothermal coordinates (x',y') and ¢ : D — H3(—1) a flat Lorentz surface

with the first fundamental form I = e”(—dac/2 + dylz). Then there exist coor-
dinates (z,y) in D so that I can be written as
(17) I = —d2® + dy*.

Proof. From equations (5) and (15), we obtain
1
(18) Puly = —iepK.
Since K = 0, (18) is simply the homogeneous wave equation

//:O_

The general solution is p(u’,v') = X(u') + Y (v') where X, Y : D — R.
Let u:= [e¢Xdu' and v:= [eYdv’. Define z and y by
uU—v u+v
x = RETRES .

2 2

Then
I = dudv = —dz? + dy®.
O
Let ¢ : D — H3(—1) be a simply connected flat Lorentz surface with
globally defined isothermal coordinate system? (z, y) and the first fundamental
form (17). Then
L= <90xa<pa:> = _1a F = <30wa<py> = 07 G := <<Py7§0y> =1.
Let N be a unit normal vector field on ¢ and let
{ = {Pzz, N), m = <80xy7N>a n= <80yyaN>-
Then the Gaufl-Weingarten equations are given by

(19) Pre = —p + LN,
(20) oy =mN,

(21) Pyy = @ +nN,
(22) Ny = lipz — mepy,
(23) Ny = myp, — np,.

3In Lorentzian case, the Riemann Mapping Theorem or Kébe Uniformization Theorem
does not hold. So the global existence of isothermal coordinates is not guaranteed even in
a simply connected Lorentzian 2-manifold. See, for example, [15] for details.
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The Gaufl-Mainardi-Codazzi equations, which are the integrability conditions
for GauB3-Weingarten equations, are equivalent to

(24) m? — =1,
(25) m, =4y, ny =m,.

The equations (25) guarantee the existence of potential functions £ and 7 such
that

{=¢&, ngy:nza n=nmny.

This also implies that there exists a potential ¢ such that { = ¢, and 7 = ¢,.
So £,m,n can be written in terms of ¢ as

= ¢zm7 m= ¢ry = ¢y?£a n= ¢yy-
The Gaufl equation (15) then becomes the hyperbolic Monge-Ampere equation
(26) ¢M¢yy - d)?:y =—-L
The second fundamental form is given by

do? = tdz?* + 2mdxdy + ndy?

(27) 2 >
= Puadx” + 202y dxdy + Gyydy”.

Note that the second fundamental form (27) determines a conformal structure,
the so-called second conformal structure, in . To see this let
T =z— ¢y, ¥ =y+ oy,

Then by a straightforward calculation one obtains

1 @
dz = + buy dx’ + Goy dy',
(28) s -
dy = S i E——, 7”(11/
2*¢m+¢yy 2*¢m+¢yy
and
do? = ¢ppdz® + 2¢uydady + ¢yydy®
B —dz'"? + dy’2
(29) 2 - ¢T’I‘ + ¢yy
_ dudv
2= Pua + ¢yy7
where u ;= 2/ + ¢y’ and v := —2’ 4+ y’. Hence we see that (u,v) defines a null

coordinate system with respect to the conformal structure in I determined
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1é)

by the second fundamental form. The differential operators 7 and 0

dy

7 are
computed, in terms of the coordinates (x,y), to be:

0 _ 14y 9 by O
(30) 0z’ 2= ¢ay + Gyy O 2 — g + dyy Oy’

8y/ 2 — Ppe + ¢yy Oz 2 — gy + d)yy ay
There are two things that need to be checked before we move on. One is
whether the new coordinates (2, y’) actually exist globally in D and the other
is whether in (28) 2 — ¢z + ¢yy # 0 everywhere in D. It turns out that:

Proposition 2. The coordinates ' = x — ¢, ¥y =y + ¢, exist globally on
D if and only if 2 — ¢z + Pyy # 0.

Proof. Tt follows from the Jacobian

oz’ 9z’

78(‘%/’ y/) = ,6:";/ :az/

O(,y) & &
=2 ¢x;c + d)yy

O

In order to ensure the global existence of the coordinates (z',y’) in D, it is
required that 2 — ¢y + ¢yy 7 0. Furthermore it is also required naturally that
2 — ¢z + ¢yy > 0 everywhere in order for the second fundamental form (29)
to give rise to a conformal structure in . One may wonder if the quantity
2 — Pz + ¢yy has any geometric meaning. It does indeed:

(31) 2 = Gz + byy = 2(H +1)

where H is the mean curvature of ¢. In other words, it is required for flat
Lorentz surfaces under consideration to have H > —1. There is more to
mention about this condition and it will be discussed in section 3.

3. A REPRESENTATION FORMULA FOR FLAT LORENTZ SURFACES IN H3(—1)

In this section, it is shown that a flat Lorentz surface may be represented
by a Lorentz holomorphic and a Lorentz anti-holomorphic data. We discuss
this by means of the Lax system (12).

Suppose that D is a simply connected, oriented, 2-dimensional domain with
globally defined null coordinate system (u/,v’). Let ¢ : D — H3(—1) be a
flat Lorentz surface with induced metric dsi = e”du’dv’. Then by Proposition
1 we may assume that p = 0; hence the GauB-Marnardi-Codazzi equations
(15), (16) can be written as

(32) H? —1=4QR,
(33) Hy =2Qy, Hy =2R,.
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From the Lax system (12), the 1-forms F; 'dF; and F; 'dF, are given by

1 B 0 3(H 4 1)du' + Rdv'

(34) Frdb = <—Qdu’ — 3(H - 1)d' 0 ’
FolaE, — 0 Qdu' + 3 (H + 1)dv'

2 —3(H — 1)du/ — Rdv' 0 :

The Mainardi-Codazzi equations (33) imply that the nonzero entries of
FfldFl and F2_1dF2 are exact, i.e. there exist functions u, &, v,( :
D(u’,v") — E? such that

—1 o 0 du -1 o 0 dv

Proposition 3. The functions (u,v) constitute globally defined null coordi-
nates of ¢ : D — H3(—1) if and only if the mean curvature H # —1.

Proof. Tt follows from the Jacobian

Ou  Ou
8(u, 1)) ou’ O’
a(u/7 U/) B v v

ou’ ov’
L(H+1) R
Q 1(H+1)

1
=_-(H+1
S +1)
by the Gauf equation (5). O

Remark 1. In order to consider flat Lorentz surfaces with respect to the new
null coordinate system (u,v), it is required that H > —1.

Remark 2 (The Lawson correspondence). The Lawson correspondence is a cor-
respondece between Lorentz surfaces in three different Lorentzian space-forms
E3, S3, and H3(—1), that satisfy the same Gau-Mainardi-Codazzi equations.
As a result they share a number of properties in common even though they
are residing in different space-forms. For that reason they are called cousins
(in the sense of the Lawson correspondence). For details see appendix A of
[9]. The GauBl equations in the three Lorentzian space-forms are given by:

1
Puv + §H§e” —2QRe™” = 0 (Minkowski 3-space E3)

1
Purv + §(H52 +1)e” —2QRe™” = 0 (de Sitter 3-space S})

1
Purv + §(H}2L —1)e” — 2QRe™ " = 0 (anti-de Sitter 3-space H3(—1))

where H., H,, and H} denote respectively the mean curvature in each space-
form. Clearly a Lorentz surface in H$(—1) has cousins in other Lorentzian
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space-forms if and only if H? — 1 > 0, or equivalently, H, < —1 or Hj, > 1.
That is flat Lorentz surfaces in H$(—1) with —1 < Hj, < 1 do not have
cousins in any Lorentzian space-form, whilst those with H;, > 1 do. Flat
Lorentz surfaces in H3(—1) with H;, = 1 are particularly interesting because
they resemble horospheres in hyperbolic 3-space: they are flat and totally
umbilic, or equivalently they have constant (hyperbolic) Gaul map®*. Their
cousins in E? are of course timelike planes and there are no cousins® in S3.

The following proposition tells that F} 'dFy is a Lorentz holomorphic 1-
form and F2_1dF2 is a Lorentz anti-holomorphic 1-form.

Proposition 4. % =0 and % = 0 t.e. & is Lorentz holomorphic and C s
Lorentz anti-holomorphic.
Proof.
oc _ oc o | o o
dv  Ou dv O Qv
ou 1 o’
— 00— _Z(H-1)=—
@ v 2( ) ov
ov o’ ov '\ o
=_ 1= )=
ou' dv ov' ) v
_o
O
Thus % = 0 if and only if % =1.
Now we have the system of linear equations:
Lo oo
- Ou v Qv O
o' 1 o'
=R—+-(H+1)—
ou + 2( +1) v’
W ou oo
 Ou o Ov o
1 o’ o'
==-(H+1)— -—
2( +1) ou +Q v
Solving this system we obtain %—15 = 1; hence % =
It can be similarly shown that % =0. O

Let f = % and g = %. Then d¢

= fdu and d{ = gdv since £ and ( are,

respectively, Lorentz holomorphic and Lorentz anti-holomorphic. The 1-forms

4The notion of hyperbolic Gau8 map will be introduced in section 4.

593
S1

does not admit timelike surfaces that are analogues of horspheres but it does admit

spacelike surfaces that are analogues of horospheres.
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F['dF, and F; 'dF, are then written as

FrldR, — (? é) du and Fy 'dF, — (2 é) dv.

The induced metric dsi is computed® to be
dsi = p*(ds?)
= <d§07 d90>
= (d(F1\F3), d(Fi Fy))
= —det{F 'dF, + (Fy 'dFy)"}
= fdu® 4 gdv® + (1 + fg)dudv.
The functions f and g are given by
_acou | ocov
oW du O Ou
2@
H+1
_ 0¢ou  9¢ o
9= ou' du OV du
__2R
H+1
The ¢ and 9” forms” du’ and dv’ are given by

ou’ o’
r_
du’ = 8udu—&— avdv

= du + gdv,

f

Finally the second fundamental form do? is computed to be
do® = Qdu”* + Rdv'”® + Hds,
= (1 — fg)dudv.

Therefore we have the following theorem holds:

Theorem 5. Let D be a simply connected, oriented, 2-dimensional domain
with globally defined null coordinate system (u',v'). Let ¢ : D — H3(—1)
be a flat Lorentz surface with induced metric dsi = du/dv’, mean curvature

61t can be also obtained by calculating du’dv’.
7They are analogues of (1,0) and (0, 1) forms in complex analysis.
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H > —1, and Hopf differential Qdu'>+ Rdv'?. Then there exist globally defined
null coordinate system (u,v) in D such that

1 1
du= =(H +1)du + Rdv" and dv = Qdu’ + i(H +1)dv'.

2
Define f,g: D — EF by
2 2
f= _Hi—?l and g = _Hi—lzl’ respectively.

Then f is a Lorentz holomorphic function and g is a Lorentz anti-holomorphic
function with respect to the null coordinate system (u,v), and that fg < 1.
The flat Lorentz surface ¢ : D — H3(—1) may be descibed by

¢ =FF;

where F1, Fy : D — SL(2,R) are immersions that satisfy the system of de-
coupled ODEs:

FldF, = <5’c é) du and Fy 'dF, = (2 é) dv.
The first and the second fundamental forms are, respectively, given in terms
of f and g by
(36) dsi = fdu® + (1 + fg)dudv + gdv?,
(37) do* = (1 — fg)dudv.

Remark 3. As seen in (37) the second fundamental form do? determines a
conformal structure with respect to the null coordinate system (u,v).

The converse of Theorem 5 also holds, namely

Theorem 6. Let D be an oriented 2-dimensional domain with globally defined
null coordinate system (u',v'). Suppose that Fy,Fy : D — SL(2,R) are
immersions that satisfy the Lax system (12). If there exist a null coordinate
system (u,v) globally defined in D and functions f,g: D — E? such that

FrldF, = (2 é) du and Fy 'dF; = (2 (1)) dv
where f is Lorentz holomorphic, g is Lorentz anti-holomorphic with respect to
(u,v), and that fg <1, then
o :=FF:D— H3(-1)
is a flat Lorentz surface whose first and second fundamental forms are given
by (36) and (37) respectively. Furthermore H > —1 and
2Q 2R
= om+ YT e
where p is a constant and Qdu'?> + Rdv'? is the Hopf differential of ¢.
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Proof. Suppose that Fy, Fp : D — SL(2,R) satisfy the Lax system (12).
Then

(38)
F7lYdF, = FUH{(Fy)wdu + (Fy)ydo'}
B Pul du! — 2t dv’ 1eP/2(H + 1)du + e=P/?Rdv’
—eP12Qdu’ — %EP/LLQ(H — Ddv' —Luldu/ + Bt dv’
(0 du
T \dE 0
and
(39)
FyYdFy = Fy H{(Fy)wdu' + (Fy)ydv'}
_ —Luldu/ + 22t do’ e PPPQdu’ + 5e//*(H + 1)dv’
—1eP/2(H — 1)du’ — e=P/2Rdv’ Pul du’ — 2o’

(0 dv
- \d¢ 0

where d§ = fdu and d{ = gdv. Clearly p = ¢, a constant. Since ¢ is Lorentz
holomorphic with respect to (u,v),

Or _ogou 10
(40) o~ ououw  2° (H+1)8u’

o ot o

o' udv ou’
From (38) we also find

0 _ 50 9 _ Losy_
(41) % = —€ Q, G = 26 (H 1)
Combining (40) and (41) we obtain the equation
iy 0§ ¢

2 1 _ 2c S 5

(42) (H? =1 d4e™QR) 5> = K 5> = 0.

If % =0 then d¢ =0 so @ =0 and H = 1. This implies that K = 0 by the
Gaufl equation (5). Moreover this is the case that ¢ = I} F! is an analogue
of horospheres. If % # 0 then again K = 0 by (42). Hence in either case
o = F1F} is a flat Lorentz surface in H3(—1).

The following identities can be calculated from (38) and (39):

oo 2R
T e+ YT e 1)
du' = e du+e”gdv, dv' = e fdu+e”*dv.
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Using these identities we can write the first and the second fundamental forms
in terms of f and g as:

dsi = e“du/dv’

= fdu® + (14 fg)dudv + gdv?,
do® = Qdu® + Hds?, + Rdv"

= (1 — fg)dudv.

Since 1 — fg = 727 >0, H > —1. O

4. FLAT LORENTZ SURFACES IN H3(—1) AND THE HYPERBOLIC GAUSS MAP

In the study of flat Lorentz surfaces in H$(—1), the hyperbolic Gaufl map®
plays an important role. Let ¢ : D — H$(—1) be a Lorentz surface. At
each point p € D, the oriented normal geodesic in H3(—1) emanating from
©(p), which is tangent to the normal vector N(p) meets the null cone N3 =
{u € Ej : (u,u) = 0} at exactly two points [¢ + N](p) and [¢ — N](p) in N3,
Here, [p £ N]| denotes the null lines spanned by the null vectors ¢ &= N. The
orientation of ¢ allows us to name [+ N](p) the initial point and [¢—N](p) the
terminal point. The maps G,G_ : D — N? defined by G (p) = [¢ + N](p)
and G_(p) = [¢ — N](p), resp. are called the hyperbolic Gauss map of .
In this paper, we are particularly interested in the hyperbolic Gaufli map

G_ =[p— NJ.

The equation of null cone N3 in Ej is given by
(43) —(@%)? = (@) + (2%)* + («°)* = 0.
Assume? that z¢ # 0. By means of nonhomogeneous coordinates

[+ N] = [2°, 2!, 2% 29

xt 2% 23
= [1’ 200 70 xo} '

Let N3 := {(z°,2',22,2%) € N* : 20 > 0}, the future'® null cone and
N3 = {(2°, 21, 2%, 2%) € N3 : 20 < 0}, the past null cone. The multiplicative
group RT acts on Ni and N3 | resp. by scalar multiplication. Let us denote
by N% /R and N3 /R the orbit spaces of N3 and N2 | resp.

8The hyperbolic Gau8 map was first introduced by C. Epstein [5] and was also used by
R. L. Bryant in the study of constant mean curvature one surfaces in hyperbolic 3-space
[1]. We will keep the name in our paper to avoid verbosity such as saying that an analogue
of hyperbolic Gaufl map.

9f 20 = 0 then use z! instead. If both 2 = z! = 0 then clearly (z0, 21,22 23) =
(0,0,0,0).

10The notion of future and past may be ambiguous in ]E%. Recall that there are two
coordinate times in E%.
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Let (2°, 2!, 2%, 2%) € N3 ((a", 2,22, 2%) € N3 ). Then the equation of null
cone (43) is equivalent to

2\ 2 22\ 2 23\ 2
() () < (5) -
ie. (‘””1 z i—i) € S? where S? denotes the pseudosphere in Minkwoski 3-

209 20>

space IE?:
S% = {(£0a£1752) S E:{’ : —(50)2 + (51)2 + (52)2 _ 1}

If there is an observer!'! at the origin (the event, physically speaking), light
rays through his eye correspond to null lines through the origin. The past
null directions then constitute the field of vision of the observer which is the
pseudosphere S?. In other words, S? is what the observer sees provided he is
stationary relative to the frame (20, 2%, 22, 23). This is an analogue of what is
called the celestial sphere'? in Minkowski space-time. Interesting readers may
consult, for instance, the book [13] by Roger Penrose and Wolfgang Rindler
for details.

The map'® f: N3 (N2 ) — S} defined by

1,2 .3

fa0 2t 2% 2?) = (io, %, io) € S?
is a surjective identification map; hence N3 /R* (N® /R*) is homeomorphic
to S{. Furthermore, N% /R (N3 /R™) is diffeomorphic to Si.

Let N/ = (0,0,1) and S = (0,0, —1) € S? be the north pole and the south
pole of S3. Let py : ST\ {¢3 = —1} — E?\ H} be the stereographic projection
from the south pole S, where H} = {(£1,£2) € E? : —(€1)2 + (€2)? = —1} is
the hyperbola in Ef. Then

1 2
msl,éz,@)(f ¢ )

e e
(44) 7 51 +§2 751 +€2 5
- 1+£37 1+§3 EEl(U,’U),

where (u,v) is a null coordinate system in E2. The second equality is an
abuse of notation. It is actually an identification due to a diffeomorphism.

HThe semi-Euclidean space Eg is not actually a physical space-time, though it provides
an interesting physical model, anti-de Sitter 3-space, in string theory with regard to the
famous AdS/CFT conjecture by J. Maldacena [11].

12The celestial sphere can be identified with the Riemann sphere S2.

3 The map f: N3 —» S% is an analogue of what is called the sky mapping in Minkowski
space-time.
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Let p_ : S?\ {¢3 =1} — E? \ H} be the stereographic projection from the
north pole V. Then

o€ = (g g

1_53’1_53
(45) _ 51 +£2 _§1+£2 EQ
- 1_£37 1_53 € 1(11,,1}).

Hence the projected hyperbolic Gaufl map is mapped into E? (u,v).

_ (Fu1 Fio [ Fo Fao _ .
Let [} = (F13 F14) and Fy = <F23 F24> where F = (Fy, F») is a

coordinate frame. Then by (11)
¢~ N=F(1-K)F!

B 0 0 .
_2F1(0 1>F2

_ 5 FioFoy  FioFoy
Fiyloy  FryFoy

B Fio\ (Fa\'
Fig) \Fo ) -~

Thus the hyperbolic Gaul map [¢ — N] is written as

Fio\ (Fa\'
Iy ) \Foy

By the identification (6), the projected hyperbolic Gaufl map is given by

[p— N]=

~ ([ Fi2 Fx

4 ~N'E (2,22 eR?

(46) o - M (R 22) e Biuo)
and

Fyy F
47 ~ N Z (2222 e B2 (u,v).
) -2 (2 ) e B
By (22), (23), and (30) one obtains
(48) (P =N)or = @, (9= N)y =@y

and thereby

(=N = 5(pe+0): (0= N)o = 5(~0c + )
It then follows that
<(§0_N)ua(90_N)u> = <(90_N)v7(§0_N)v> =0,

(49)
<(§0_N)u7(30_N)v> =
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Let dp? denote the induced metric on N3, Then the pullback of dp? by ¢ — N
is

dp_n = (¢ = N)*(dp?)

= (d(¢ — N),d(¢ — N))
= dudv

by (49). This means that the hyperbolic Gaul map [¢ — N] is conformal with
respect to the second conformal structure in . In fact, more can be said
about conformal hyperbolic Gaufl maps.

Theorem 7. Let ¢ : D — H3(—1) be a Lorentz surface with unit normal
vector field N and mean curvature H > 1. The hyperbolic Gaufl map [¢— N] :
D — S? is conformal with respect to the second fundamental form if and only
if ¢ is flat or totally umbilic. Here the pseudosphere S? is viewed as the orbit
space N3 /RT or N3 /R¥.

Proof. Let ¢ : D — H3(—1) be a Lorentz surface with induced metric dsi =
e?du’dv’ where (u/,v’) is a globally defined null coordinate system in D. Let
5 := (¢, 0w, 9w, N). The s defines a moving frame on ¢ and satisfy the
Gauf3-Weingarten equations:

Sy = sU, 5, =5V

where
0 0 e 0 0 ler 0 0
yo |1 w0 -H v |0 0 0 —2Re
0 0 0  —2Qe " |’ 1 0 py -H
0 Q ie’H 0 0 1e’H R 0

Using the Gaufl-Weingarten equations, one can calculate
dp* = (d(p = N),d(p — N))
= —Kds?, + 2(H + 1)do?

K s KQ

= [Q(HJrl)H] do +7.
Therefore [ — N] is conformal with respect to the second fundamental form
do? if and only if ¢ is flat or totally umbilic. O

Remark 4. If H = —1 then dp? = (d(¢ — N),d(¢ — N)) = Kdo? — KQ.
If K = 0 in addition then dp? is degenerate and d(p — N) = 0, i.e. the
hyperbolic Gaul map [p — N] is constant. This is the case when ¢ is an
analogue of horosphere.

In light of theorem 7, one may wonder if there is any connection between
the flatness of a Lorentz surfaces and the holomorphicity of the hyperbolic
Gaufl map.
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Theorem 8. Let o : D — H3(—1) be a Lorentz surface with mean curvature
H > 1. ¢ is flat or totally umbilic if and only if the first and the second coordi-
nates of the projected hyperbolic Gaufl map (46) are Lorentz anti-holomorphic
and Lorentz holomorphic, respectively, with respect to null coordinates (u,v)
determined by the second fundamental form.

Proof. If ¢ is totally umbilic, then the first and the second coordinates of the
projected GauB map are Lorentz anti-holomorphic and Lorentz-holomorphic
with respect to null coordinates determined by Lorentz isothermal coordinates
as shown in section 13 of [9]. Since II = HI, the same is true for null
coordinates (u,v) determined by the second fundamental form.

Let ¢ : D — H$(—1) be a Lorentz surface with the first fundamental
form ds, = e’du’dv’. Suppose that (u,v) is another null coordinate system
globally defined in D. From the Lax system (12) we obtain

1 8u’ o'
— = - P/2 JRE— _p/2
(50) (F12)oF1a — F12(F14)y 26 (H+1) (911 R@U
3u’ o’
— — e P20 9/2
(51) (Fa2)yFos — Foo(Foa)y =€ Q 50 2 (H+1)— T

If ¢ is flat and (u,v) is a null coordinate system determined by the second
fundamental form, then without loss of generality we may take

iul — fﬂ 877}/ _ ,—p/2
v er(H+1) Ov ’
87“/ — ¢~ P/2 671/ — _M.
ou " Ou e’(H +1)

It then follows that (F12) —0 and (F22) —0.

In order to show the “if” part of the statement, suppose that the first
fundamental form is given by I = efdu’dv’ while the second fundamental
form is given by II = e*dudv. If the first and the second coordinates of the
projected hyperbolic Gaufl map are, respectively, Lorentz anti-holomorphic
and Lorentz holomorphic, then by (50) and (51)

8u’ o'

1
e P2(H +1 e P/2 —
5¢ (H + )a R(9 0,
au’ ov’
—p/2 e PIl2(H -
€ @ v 2 (H+1D5, v =0

Since 88(2‘;’33) #0,
ﬁ — lefp/2
ou 2
o
o’

v
H+1), — =e?
(H+1), 55 =e""R,

1
= e P2Q, % = iefp/Q(H—F 1).
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Hence

IT =e N dudv
1 1 1
:ie’\Q(H + 1)du? + Ze/\ep[QH(H +1) — K]du'dv' + ie’\R(H + 1)dv™.

Comparing this with IT = Qdu'? + He”du'dv' + Rdv'?, we obatin
[AH +1)—2Q =0,
[ H+1)—2]R =0,
2[H +1—2¢"MH =K.

If H =2 * — 1 then K = 0. Otherwise Q = R = 0. This completes the
proof. O

Remark 5. Since we require that H > 1, A must satisfy A < 0.

Remark 6. If ¢ is both flat and totally umbilic then by the Gaufl equation
(5) H=1,ie. A=0.

5. FLAT LORENTZ SURFACES IN H3(—1) AND GRAVITATIONAL INSTANTONS

Any self-dual or anti-self-dual curvature 2-form gives a vanishing Ricci ten-
sor, so any metric yielding a self-dual or anti-self-dual connection satisfies the
Euclidean Einstein’s field equations. There are also self-dual or anti-self-dual
solutions of the Einstein’s equations that have additional property that the
metric approaches a flat metric at infinity. Solutions satisfying such property
are called asymptotically locally Euclidean (abbreviated ALE) metrics. This
hints that a certain compactness of the base manifold is expected to insure the
existece of ALE metrics. Since Yang-Mills gauge potential approaches a pure
gauge at infinity, ALE metrics also closely resemble the Yang-Mills instan-
tons. For this reason, ALE metrics are also called gravitational instantons.
Interesting readers may consult [2], [3], and [4] for details and examples of
gravitational instantons.

The Euclidean Einstein’s field equations for anti-self-dual gravitational
fields reduce to a complex elliptic Monge-Ampére equation ([16], [17]). In
[12], Y. Nutku considered the following equation

(52) (Q0u)? = C* 1

on a complex 2-manifold M, which is rather a simpler form of the complex
Monge-Ampére equation given in [16] and [17]. Here u is the Kéahler potential,
0,0 are the Dolbeault operators, 1 is the normalized volume element of M,
and C is a constant!'%.

MThe constant C is different from the constant given in [12]. The way the equation is
written in [12] results an extra negative sign.
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In [12], the author studied a naive 2-dimensional reduction of (52) that
the Kahler potential v depends only on two real coordinates ¢ and x, where
(1 =t+iz and (3 = x + iy are two complex local coordinates of M. So the
resulting Kahler potential is translation-invariant in the z, y-directions when
M is viewed as a 4-dimensional differentiable manifold.

Since any complex manifold admits a Hermitian metric, let us denote by g
a Hermitian metric of M. As is well-known a Hermitian metric on a complex
manifold locally takes the form

(53) g = gupdC" @ dC” + gp,dl* @ d¢”,

where p1, v = 1,2. Suppose that g is a Kéhler metric, then locally g, is given
by

(54) 9ur = Op0pu,

where wu is a function called the Kdhler potential of the Kéhler metric g.
Now the 2-dimensional reduction u = u(t, x) yields the Kihler metric'®

(55) g = ug (dt? + dz?) + 2, (dtdr + dydz) + Uy (dz? + dy?)
and the Kihler 2-form Q = i09u of the metric g is given by
(56) Q = ugdt A dz + g (dt A dy + da A dz) + ugdx A dy.
From this reduction the equation (52) yields the 2-dimensional Monge-
Ampére equation

(57) UttUgy — ’U,?

z = K

where k is a constant. The constant x is determined by choosing an appro-
priate value of C, so that the Monge-Ampére equation (57) is elliptic if K > 0
and hyperbolic if £ < 0. The Monge-Ampére equation (57) may be regarded
as a 2-dimensional reduction of the Euclidean Einstein’s field equation that
governs anti-self-dual solutions.

Suppose that ¢(t, ) is a solution to the equation

(58) ¢tt(1 + (QSL)Q) - 2¢t¢¢¢t1 + dhl('% + (¢t>2) =0.
Then the following equations hold:

0 ¢t¢m 0 K+ ¢§
- + = =0,
ot £(1+(¢2)?)+(4:)? Ox r(+(¢2)?)+(¢¢)?
(59) k k
a 1+ g2 9 Gia »

M\ [et0D 1602 | 07\ [a(t(@e)®)t(60)?
k k

5ywith a scaling
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This implies that there exists a solution u(t, z) to the Monge-Ampére equation
(57) such that

— K+ (¢t)2 _ ¢t¢m
Uty = y Ute = s
%W ~(1+(¢m3:)+(¢t)2

1+ (¢a)?

T — .

K(1+(¢m3:)+(¢t)2

(60)

The transformation in (60) is a slight variation of what is discussed in K.
Jorgens’s 1954 paper [8]. Using this transformation we can write a metric for
a class of anti-self-dual gravitational instantons:

(61)
2
ds? = £t (@) (dt* + dz?) + 2 $efc (dtdx + dydz)
/R(1+(¢w3€2)+(¢t)2 /R(1+(¢m;c2)+(¢t)2
m(1+(¢x;j)+(¢t)2

It should be noted that the equation (58) is a well-known minimal surface
equation for k = 1. For kK = —1, the resulting equation is known to physicists
as the Born-Infeld equation. Geometrically it is in fact the equation of timelike
minimal surfaces in E3. To see this, the area functional of timelike surfaces
o(t, x) is given by

(62) A= / V14 (02)2 — (¢1)2dt A dex.

If we denote the integrand by f(¢, ¢+, @), then the Euler-Lagrange equation
for this action functional is

0 of g of
006, 006,
which is equivalent to the Born-Infeld equation. For k = —1, (61) is written
as
_ 2
ds* = L+ (60) (dt? + dz*)+
V(00?2 + (¢2)? + 1
(63) ¢t¢x 1+ (¢x)2
2 (dtdx + dydz) +
V=002 +(6:)? +1 V=6 + (62 +1
(d2? + dy?).

Hence we see that there is explicitly a correspondence between timelike min-
imal surfaces in E$ and a class of anti-self-dual gravitational instantons de-
scribed by the metric in (63).
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An interesting revelation is that there is a correspondence between flat
Lorentz surfaces in H}(—1) and a class of anti-self-dual gravitational instan-
tons described by the Kéhler metric in (55). To see this, let ¢ : D(t,2) —
H3(—1) be a flat Lorentz surface with a pair of Lorentz holomorphic and
Lorentz anti-holomorphic data (f, g) given by

2 2R
(64) f:—iQa QZ—TH

as stated in Theorem 5. Then there exists a function u(¢, z) such that
Ut = & Uty =M, Ugy =N,
and
Ut Uy — qu =-1
as discussed in Section 2. The geometric quantities @), R, H can be written in
terms of £, m,n as

1

1
(65) R= Z(€+n—2m),
1
It follows from (64) and (65) that
ey, L)
1-fg
vy = 1 =9
x 17 fg’
W _-Di-g)
1—fg
Therefore the Kahler metric (55) is written as
st =~ LEDA=9 ooy 5 S =9 g 4 ayazy+
1—fg 1—fg
) (1- 09
J (dz? + dy?).

1-fg
Physically f = f(t + ) and g = g(t — ) describe a left-moving and a right-
moving traveling waves in the Minkowski plane E?.
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