Minimal surfaces in a certain 3-dimensional
homogeneous spacetime

Sungwook Lee

Abstract

The 2-parameter family of certain homogeneous Lorentzian
3-manifolds which includes Minkowski 3-space, de Sitter 3-space, and
Minkowski motion group is considered. Each homogeneous Lorentzian
3-manifold in the 2-parameter family has a solvable Lie group struc-
ture with left invariant metric. A generalized integral representation
formula which is the unification of representation formulas for minimal
timelike surfaces in those homogeneous Lorentzian 3-manifolds is ob-
tained. The normal Gaufl map of minimal timelike surfaces in those ho-
mogeneous Lorentzian 3-manifolds and its harmonicity are discussed.
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Introduction

In [5], the author considered the 2-parameter family of 3-dimensional homo-
geneous spacetimes (R?(2°, z%,22), g(,,, p)) With Lorentzian metric

Gy = —(da®)? + €727 (da' )2 4 727" (da?)?.

Every homogeneous Lorentzian manifold in this family can be represented
as a solvable matrix Lie group with left invariant metric
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As special cases, this family of homogeneous Lorentzian 3-manifolds include
Minkowski 3-space E3, de Sitter 3-space S}(c?) of constant sectional cur-
vature ¢? as a warped product model, and S%(CQ) x E!, the direct product
of de Sitter 2-space S?(c?) of constant curvature ¢? and the real line E!.
(In fact, Minkowski 3-space and de Sitter 3-space are the only homoge-
neous Lorentzian 3-manifolds in this family that have a constant sectional
curvature.) These three spaces may be considered as Lorentzian counter-
parts of Euclidean 3-space E3, hyperbolic 3-space H?(—c?) of constant sec-
tional curvature —c?, and H?(—c?) x E!, the direct product of hyperbolic
plane H?(—c?) of constant curvature —c? and the real line E!, respectively,
of Thurston’s eight model geometries [8]. In [5], the author obtained a
generalized integral representation formula which is the unification of rep-
resentation formulas for maximal spacelike surfaces in those homogeneous
Lorentzian 3-manifolds. In particular, the generalized integral formula in-
cludes Weierstrafl representation formula for maximal spacelike surfaces in
Minkowski 3-space studied independently by O. Kobayashi [4] and L. Mc-
Nertney [7], and Weierstra3 representation formula for maximal spacelike
surfaces in de Sitter 3-space.

In this paper, the author obtains a generalized integral representation
formula which is the unification of representation formulas for minimal time-
like surfaces in those homogeneous Lorentzian 3-manifolds. In particular,
the generalized integral formula includes Weierstraf3 representation formula
for minimal timelike surfaces in Minkowski 3-space ([3], [6]) and Weierstraf}
representation formula for minimal timelike surfaces in de Sitter 3-space.
The harmonicity of the normal Gaufi map of minimal timelike surfaces in
G(p1, p2) is also discussed. It is shown that Minkowski 3-space G(0,0), de
Sitter 3-space G(c, ¢), and Minkowski motion group G(c, —c) are the only ho-
mogeneous Lorentzian 3-manifolds among the 2-parameter family members
G (1, p2) in which the (projected) normal GauBB map of minimal timelike
surfaces is harmonic. The harmonic map equations for those cases are ob-
tained.

1 Solvable Lie group

In this section, we study the two-parameter family of certain homogeneous
Lorentzian 3-manifolds.

Let us consider the two-parameter family of homogeneous Lorentzian
3-manifolds

(1'1) {(Rg(x07x17x2)7g(u1,u2)) | (M17M2) € R2}7



where the metric g(,, ,,,) is defined by
(12) G = —(d2°) 4 7 (dah)? 720 (da?),

Proposition 1.1 Each homogeneous space (R3, 9
following solvable matriz Lie group:

p1,ue)) 08 Gsometric to the
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with left invariant metric. The group operation on G(u1, pe2) is the ordinary
matriz multiplication and the corresponding group operation on (R3, g(m,uz))
s given by

(20,21, 22) - (3%, 31, 3%) = (20 + 20, 2! + 7 7| 22 4 o2t 32),

Proof. For a = (a°,a',a?) € G(u1, p2), denote by Lg the left translation by
a. Then

0 0
La(2° 2t 2?) = (2% + a°, e 2t + al, 27 2% 4 0?)

and
La9(ui o) = — {d(z° +a")}* + 672“1(x0+a0){d(e“1a0x1 +a')}?
e g enea® 2 y 2))?
= — (de)Z + e—zulxo (dx1)2 + e—2u2x0 (d1‘2)2.
Q.E.D.
The Lie algebra g(u1, u2) is given by
0 0 0 o
0 o 0 1
(1.3) g1, p2) = 0 “103/ oy 32 Wyl 2 €R

0 0 0 0
We take the following basis { Eo, E1, Eo} of g(u1, p2):

(1.4)
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Then the commutation relation of g(u1, pe) is given by

[E1, E] =0, [Ea, Eo) = —pu2Es, [Eo, E1] = p1Er.

The left translation of Ey, Fq,Fo are the vector fields eg = 8%0’ e1 =
e“l’”()%, €o = 6“2‘%0%, respectively such that

(eo,e0) = —1, (e1,e1) = (ea,e9) =1,

(€i,ej) =0if i # j.
That is, {eo, €1, ez} forms a Lorentzian frame field on (R?, g,,, .))- Hence

we see that {Ey, F1, Eo} forms an orthonormal basis for g(gu1, u2).
For X € g(u1,p2), denote by ad(X)* the adjoint operator of ad(X) i.e.
it is defined by the equation

(ad(X)(Y), Z2) = (Y,ad(X)"(2))
for any Y, Z € g(u1, n2). Here ad(X)(Y) = [X,Y] for X,Y € g. Let U be
the symmetric bilinear operator on g(u1, p2) defined by
1
UX,Y):= i{ad(X)*(Y) +ad(Y)"(X)}.
Lemma 1.1 Let {Ey, E1, Es} be the orthonormal basis for g(u1, ua) defined
in (1.4). Then
U(Eo, Eo) =0, U(E1, Er) = mEy, U(Es, E3) = p2E,

U(Ey, E1) = %Eh U(E1, Eo) =0, U(Es, Ey) = %Ez-

Let © be a simply connected domain and ¢ : ® — G(u1, p2) an im-
mersion. ¢ is said to be timelike if the induced metric I on © is Lorentzian.
The induced Lorentzian metric I determines a Lorentz conformal structure
Cron ®. Let (t,x) be a Lorentz isothermal coordinate system with respect
to the conformal structure C;. Then the first fundamental form I is written
in terms of (¢,z) as

(1.5) I = e¥(—dt* + dz?).

The conformality condition is given in terms of (¢, z) by

<3<P 090>:0
ot’ oz ’

dp dp\  [Op Op\
(o)~ (oe5) =

4

(1.6)



A conformal timelike surface is called a Lorentz surface. Let u :=t + x and
v := —t+x. Then (u,v) defines a null coordinate system with respect to the
conformal structure C;. The first fundamental form 7 is written in terms of

(u,v) as

(1.7) I = e¥dudv.
The partial derivatives g and a” are computed to be
Oy Jdp Oy dp 1 dp Oy

(18) u (8t+8x "av 2\ o Tar)
The conformality condition (1.6) can be written in terms of null coordinates
as

9p 0o\ _ [0¢ 90\ _

ou'ou/ \ovw' ov/
(1.9)

[ 1
du’ O 2°
Definition 1.1 Let D(¢,x) be a simply connected domain. A smooth time-

like immersion ¢ : ® — G(u1, u2) is said to be harmonic if it is a critical
point of the energy functional®

(1.10) E(gp)z/@e(gp)dtdw,

where e(yp) is the energy density of ¢

1 00| | 0y
(111) (o) = {—’w ol +|omge

2}
—109¢ 2 —10p  _—109 —19¢ 2 —10¢  —10¢

’4,0 E‘ =< a4 8—><Oand’cp %‘ :<g0 D50 P ax>>0750
e(¢) > 0 and hence E(p) > 0.

Lemma 1.2 Let ® be a simply connected domain. A smooth timelike im-
mersion ¢ : © — G(u1, p2) is harmonic if and only if it satisfies the wave
equation

(1.12)

o (a0 0 (o
at(¢ az:)*ax(@ 0:3)

100\ [ _,0 00\ [ _,0
(%) (%) (75 ()0

!This is an analogue of the Dirichlet energy.




Proof. Let vs, s € (—¢,€) be a smooth variation of ¢ = ¢y such that
vsloo = ¢lap, where 99 is the boundary ®. Let

d

A= g(so‘lws)!s:o 1D — g(p, o).

%E(%sto = /@ { <js (so‘l%f) Is:o,w‘168f>
(5 (+75) w52 faao
LE( )
- <[¢—1§§,A] + ?;,w‘1§§>} dtdx
)26
() (-8 ) (+2)
dtdz.

This completes the proof.
In terms of null coordinates u, v, the wave equation (1.12) can be written
as

D[ a08) D (10 oy (rP2 102 _
(1.13) ou (QO 8v)+3v <(’0 ou V¢ ou’ o =0

Let ¢~ tdy = o/du + o’ dv. Then the equation (1.13) is equivalent to
(1.14) al + ol =2U(d, ).

The Maurer-Cartan equation is given by

(1.15) ol —al =/, a"].

The equations (1.14) and (1.15) can be combined to a single equation

1
(1.16) ol =U(d, ") + 5[0/, "]
The equation (1.16) is both the integrability condition for the differential

equation ¢ 'dp = o/du + o’dv and the condition for ¢ to be a harmonic
map.



The Levi-Civita connection V of G(u1, u2) is computed to be

veueo = 05 veoel = —H1€1, v6062 = —H2€2,
Vereo = —pier, Ve er = —pieg, Ve ea =0,
Ves€0 = —p2e2, Ve,e1 =0, Ve,ea = —p2ep.

Let K (e;, e;) denote the sectional curvature of G(u1, p2) with respect to the
tangent plane spanned by e; and e; for 4,j = 0,1,2. Then

=

(607 61) = QOOR(%lO = N%?
(e1,62) = 9113%21 = Hi1p2,
(

_ 00p3 _ 2
60763)—9 Riz0 = 13,

(1.17)

= R

where gij = g(u, 1) (€is €j) denotes the metric tensor of G(ju1, pu2). Hence,
we see that G(u1,pu2) has constant sectional curvature if and only if pu?2 =
p3 = ppe. If ¢ := g = po, then G(u1, o) is locally isometric to S$(c?),
the de Sitter 3-space of constant sectional curvature c2. (See Example 1.2
and Remark 1.1.) If gy = —pg, then py = ps =0, so G(u1, u2) = G(0,0) is
locally isometric to E (Example 1.1).

Example 1.1 (Minkowski 3-space) The Lie group G(0, 0) is isomorphic and
isometric to the Minkowski 3-space

E} = (R°(«", 2", 27), +)
with the metric —(dz?)? + (dz')? + (dz?)?.

Example 1.2 (de Sitter 3-space) Take p3 = pa = ¢ # 0. Then G(c,c) is
the flat chart model of the de Sitter 3-space:

S3(c?)4 = (R3(2°, 2!, 22), —(dz°)? + e 2" {(da")? + (dz?)?}).

Remark 1.1 Let E] be the Minkowski 4-space. The natural Lorentzian
metric (-,-) of E] is expressed as

() = —(du)? + (dul)? + (d?)? + (dud)

in terms of natural coordinate system (u®,u',u? u®). The de Sitter 3-space
S$(c?) of constant sectional curvature ¢® > 0 is realized as the hyperquadric
in ]E‘ll:

S3?) = {(u®, ut, u? ud) € B 0 —(u0)? + (uh)? + (u?)? + (u®)? = 1/%).



The de Sitter 3-space S3(c?) is divided into the following three regions:
S3(?)y = {(W® ut, u?, ) € S3(?) : e(ul +ut) > 0);
S¥(c*)o = {(u®, ut, u? u?) € ST(e?) : u® 4+ u! = 0);
S3e) - = {(u®, ul,u? ud) € S3He?) : e(u® +ub) <0}

S3(c?) is the disjoint union S3(c?); + S3(c?)o + S$(c?)- and S$(c?)+ are

diffeomorphic to R3. Let us introduce a local coordinate system (z°, 2!, z?)

b
’ 0 11 0 1 j u !
— + = i =1.2).
€T c OgC(U u )7 T c(u0+u1)’ (.] ) )

This local coordinate system is defined on S3(c?);. The induced metric of
S3(c?)4 is expressed as:
ge = —(da®)? + > {(dz")? + (d2?)?}.

The chart (S3(c?)4, g) is traditionally called the flat chart of S3(c?) in gen-
eral relativity [2]. The flat chart is identified with a Lorentzian manifold

RY(<?) = (B®, —(dz°)” + > {(da')* + (dz*)})
of constant sectional curvature ¢?. This expression shows that the flat chart
is a warped product E} x; E? with warping function f(z°) = e’ In
particular, S3(c?), is a Robertson-Walker spacetime.

Example 1.3 (Direct product E! x R?(c?)) Take (u1, u2) = (0,c¢) with ¢ #
0. Then the resulting homogeneous spacetime is R? with metric:

—(dx0)2+ (619611)2thc/,—chEO(ale)27
or equivalently, .

(d$1)2 . (d$0)2 + 6—2cm (d.’L’2)27
Hence G(0,c) is identified with the direct product of the real line E!(x!)
and the warped product model

Ri(¢) = (R*(2”,2%), ~(d2%)* + 7> (da?)?)

of S2(c?),. Here, R?(c?) denotes the flat chart model of S?(c?). Thus G(0, c)

is identified with E! x R%(c?). Note that G(0,c) is a warped product with
trivial warping function.

Example 1.4 (Homogeneous spacetime G(¢, —c)) Let u1 = ¢, po = —c with
¢ # 0. Then the resulting homogeneous spacetime G(c¢, —c) is the Minkowski
motion group E(1,1) with the Lorentzian metric:

—(dQZO)Q +€_20m0(dﬂfl)2 +62C$0(dl‘2)2.



2 Integral representation formula

Let ©(u,v) be a simply connected domain and ¢ : © — G(u1,u2) an
immersion. Let us write o(u,v) = (2°(u,v), 2 (u,v), 2?(u,v)). Then

o = so—laﬁ

(2.1) 0 Oau 0 0x?
= (;U Ey + aie—uw Ei+ %e—uzx Es
and
_10¢p

// =y lav
2.2
(22) _ 020 0xt 0 07 0

It follows from (1.14) that

Lemma 2.1 ¢ is harmonic if and only if it satisfies the following equations:

09?20 oxt ozt 5, o 0x? 0x? 0
o (0T 0T g R TRr L
dudv <,u1 du v T e € > ’
2.1 09,1 09,1
(2.3) 0w (920w 0w dr
Oudv ou Ov ov Ou
82302_ 0z Ox? +87$067x2 _0
guov M2\ ou dv T oo ou )
The exterior derivative d is decomposed as
d=09+0",
where 9 = %du and 9" = %dv with respect to the conformal structure of
9. Let
(W% = %Zdu = 92",
oz
0\ /! 0
—dv=0"zx
(W) =5,
(wl)/ _ e—plz‘ 8’3}1, <w2)/ _ e—u2x08/$27
(wl)// _ e—mxoa//ml, (w2)// _ e—mxoa//wQ.



Then by Lemma 2.1, the 1-forms (w;)’, (w;)”, i = 0,1, 2 satisfy the differen-
tial system:

(2:4) 0" () = (W)’ A W) + p2(w?)" A (W2,
(2.5) "W = pi(WH" A (WYY, i =1,2,
(2.6) ()" = 1 (@) A @ + () A (w2,
(2.7) (W = pi(W) A (W), i=1,2

Proposition 2.1 If (w;), (w;)”, i = 0,1,2 satisfy (2.4)-(2.7) on a simply
connected domain ©. Then

(2.8)
plue) = (@)= e (@) [ (@O e @) e (2
is a harmonic map into G(u1, p2).
Conversely, if {(w;)’, (w;)” : 4= 0,1,2} is a solution to (2.4)-(2.7) and
29) —(W)® (W) + @) ® W) + (@) @ W) =0,
’ _(WO)// ® (WO)// + (wl)// ® (wl)// + (w2)// ® (w2)// -0
on a simply connected domain ©, then ¢(u,v) in (2.8) is a weakly conformal
harmonic map into G(u1, 12). In addition, if
(2.10) ~(0°) @ W)+ (W!) ® (W' + (W) ® ()" #0,

then ¢(u,v) in (2.8) is a minimal timelike surface in G(u1, p2).

3 Normal Gaufl map

Let ¢ : © — G(u1,p2) be a Lorentz surface i.e. a conformal timelike
surface. Take a unit normal vector field N along ¢. Then by the left
translation we obtain the smooth map

@ IN D — S3(1),
where
S%(l) = {uOEo +ulE] +uEy —(uo)2 + (ul)2 + (u2)2 =1} C g(p1, p2)

is the de Sitter 2-space of constant Gaufliian curvature 1. The Lie algebra
a(p1, po) is identified with Minkowski 3-space E3 (u®, u', u?) via the orthonor-
mal basis {Ey, E1, F2}. Then smooth map ¢~ !N is called the normal Gauf}

10



map of ¢. Let ¢ : ® — G(u1, u2) be a minimal timelike surface determined
by the data ((w"), (w'), (w?)") and ((w®)", (W!)", (W?)"). Write (W) = &du
and (w')” = nidv, i = 0,1,2. Then

I=2(-()® )" + W) e W)+ w) e w)"

(31) = 2(—€%° + ¢'n' + €20 dudw.

The conformality condition (2.9) can be written as

_(¢£0N2 1,2 _
o) @F +E+E) -0

It follows from (3.2) that one can introduce pairs of functions (¢, f) and
(r,g) such that

_52
q: 0 _ 17

(3.3) &£-¢
——> 9=—"+n").

f:§0_§17

n
77+77

In terms of (¢, f) and (r,9), ¢(u,v) = (2°(u,v), z(u,v),2%(u,v)) is given
by Weierstrafl type representation formula

2% (u,v) = ;/(1 +¢*) fdu — (1 + r2)gdv,

1

= ek (u,w) /(1 — @) fdu+ (1 —1r*)gdv,

(3.4) 2t (u,v) = —3

2% (u,v) = — 2" (u) /qfdu + rgdv.
with first fundamental form
(3.5) I =(1+qr)?fgdudv.

Remark 3.1 In the study of minimal timelike surfaces in Minkowski 3-
space, one may assume that f = g = 1 so that (3.4) reduces to a simpler
form called the normalized Weierstraf§ formula. This is possible as there are
no restrictions on f and g other than f and ¢ being Lorentz holomorphic
and Lorentz anti-holomorphic respectively. (See [3] and [6].) However, this
is not the case with minimal timelike surfaces in de Sitter 3-space as we will
see later.

11



It turns out that the pair (g,7) is the Normal Gau8 map ¢~ !N projected
into the Minkowski 2-pane E?. To see this, first the normal Gaufl map is
computed to be

1
qr+1

(3.6) ¢ IN = [(g—7r)Eo+ (g +7r)Ey + (qr — 1) Es)].
Let pp : S%(1) \ {22 = 1} — E2? \ H} be the stereographic projection from
the north pole N = (0,0, 1). Here, H} is the hyperbola

Hy = {2°Ey + 2'E; € B2 : —(29)2 + (1) = —1}.

Then

0
X EO T .'171

EL.
1—z2 1—x2

(3.7) on (2 Eg + 21 By + 2% Fy) =

So, the normal Gaufl map ¢~ !N is projected into the Minkowski plane E?
via Qa as

(3.8) ooy N = Ll + LX0 B e B3, 2)
In terms of null coordinates (u,v), (3.8) is written as
(3.9) prro @ N = (q,7) € Ef(u,v).

The pair (g, r) is called the projected normal Gauf$ map of ¢. It follows from
(2.4) and (2.5) that

a¢®
(3.10) ov

O ', i=1,2
ov

= €' + pan?€?,

Using (3.10), we obtain

of _ o og
(3.11) v v v
= %(1 — %) fg + paqrfg
and
da_ Gf-8Y
(3.12) v f?
=B -9+ 21— ¢)rg.

12



It follows from (2.6) and (2.7) that

on°
o = e+ pag’r,
3.13 .
(3.13) on' i 0
6u::ui§77722172'

Using (3.13), we obtain

dg " om

(3.14) ou Elu ou
= -5 (=) fg—pmarfg
and
o GLg—nPd
(3.15) du 9?
=B = grf = Za =11,

Remark 3.2 Setting f = g = 1, we obtain from (3.11), (3.12), (3.14), and
(3.15)

(3.16) pagqr = —%(1 —r?),

9q p 2y M2 2
(3.17) 50 2( T)q+2( q)r
and
(3.18) paqr = —%(1 — ¢,

or M

(3.19) 50 =5 (- @) — %q(l — ).

It follows from (3.16) and (3.18) that ¢ = £r. Let g = po =c#0. Ifg=r
then % = % = 0. This means that ¢ = r is a constant, say A. By (3.4) ¢
is computed to be

1

1 1
olu,v) = (2<1 b A%) (), ~ LU (1 A2 4 ),

_e%c(l—i-AQ)(u—v) (u + U))

or
o(t,z) = (1 + A, — (A% —266(1+A2)tAZL‘).

13



This surface cannot be minimal as it is not conformal. If ¢ = —r # 0 then
from (3.17) and (3.19) we obtain the separable differential equations

1 dq
(3:20) ai-@ov - ©
1 or

(3.20) has solution

1—g¢q _
. \J——=A cv
(3.22) q [ (u)e™,

where A(u) > 0 is a Lorentz holomorphic function. (3.21) has solution

1—7r cu
(3.23) ™/ 1 e B(v)e™,

where B(v) > 0 is a Lorentz anti-holomorphic function. Since ¢ = —r, (3.23)
can be written as

(3.24) 4y /ig — B(v)e ™.

(3.22) and (3.24) yield

¢* = —A(u)B(v)ec" ) < 0.
This case cannot occur as ¢ is a real-valued function.

As seen in Section 1, G(0,0) = E$ and G(c,c) = S3(c?), are the only cases
of solvable Lie group G(u1, 1) with constant sectional curvature.

Remark 3.3 For G(0,0) = ]E%

of _oq_,
Oov  Ov ’
99 _or _,
Oou Ou '

That is, f, q are Lorentz holomorphic and g, r are Lorentz anti-holomorphic.
From (3.4), we retrieve the Weierstrafl representation formula ([3], [6]) for

14



minimal timelike surface ¢(u,v) = (2°(u,v), 2! (u,v), 2?(u,v)) in E} given
by

2V (u,v) = ;/(1 + ¢*) fdu — (1 + r*)gdv,
(3.25) zt(u,v) = —% /(1 — A fdu+ (1 —r?)gdv,
22 (u,v) = —/qfdu + rgdv.

Remark 3.4 If 1 = po = ¢ # 0, then (3.12) and (3.15) can be written
respectively as

(3.26) % = gg(r —q)(1+qr),
(3.27) SZ = gf(r—q)(qu)-

If g is Lorentz holomorphic, then ¢ = r or 1 +¢gr = 0. If 1 4+ gr = 0 then
I =0. g = r cannot occur as discussed in Remark 3.2. Hence, ¢ cannot be
Lorentz holomorphic for minimal timelike surfaces in S3(c?),. For the same

reason, r cannot be Lorentz anti-holomorphic for minimal timelike surfaces
in S3(c?)4.

From here on, we assume that ¢® # 1 and 72 # 1. It follows from (3.11),
(3.12), (3.14), and (3.15) that the projected normal Gaufl map (g, ) satisfies
the equations

9%q pr(1=12) + 2p9gr  9q g
oudv — —p1q(l —12) + po(l — ¢?)r du dv
(3.28) (17 =) (1= ¢*) (1 +7r%)q r dq
[=p1q(1 = r?) + p2(1 = ¢*)r][=pa (1 = ¢*)r + p2q(1 — r2)] Ou Ov
=0
and
d*r p1(1— q%) + 2puaqr or or
ovou  —p1 (1 — @) + peq(l —r2) du dv
(329) (1] —3) (L +¢*) (1 —r*)r or dq
[=p1(L = @®)r + p2q(1 = r2)][=p1q(1 = r2) + p2(1 — ¢*)r] Ou Ov
=0.

15



The equations (3.28) and (3.29) are not the harmonic map equations for the
projected normal Gaul map (¢q,r) in general. The following theorem tells
under what conditions they become the harmonic map equations for (g,r).

Theorem 3.1 The projected normal Gauf$ map (q,r) is a harmonic map if
and only if u? = p2. If uy = g # 0 then (3.28) and (3.29) reduce to

0%q 1—1r2+2gr 0q 0q
(3:30) Judv + (1-¢)r—ql—r2)oudv
2 (1 — 2
(3.31) o°r N (1 —q*) —2gr 87“87“_0.

dvou = (1—q¢?)r—q(1 —r2)dudv

(3.30) and (3.31) are the harmonic map equations for the map (q,r) :
D(u,v) — (E%(a,ﬁ),%). If yi = —po then (3.28) and
(3.29) reduce to

0%q —(1—r?)+2qr 0q0dq
3.32 99 0q _
(3:32) dudv 1-—¢)r+q(1—-r2)0udv
2 (12
(3.33) o*r N (1—q°)+2qr Oror 0.

ou (1 —q)r+q(1—r2)dudv

(3.32) and (3.33) are the harmonic map equations for the map (q,r) :

D(u,v) — (E%(a:ﬁ)a %)-

Proof. The tension field 7(g, ) of (¢,7) is given by ([1], [9])

0%q dq Oq 0O°r or or
(3:34) m(g,r) = 4A <6u8v %5y 9v’ dodu | BB (%) ’

ao?
symbols of E2(a, 3). Comparing (3.28), (3.29) and 7(q,r) = 0, we see that
(3.28) and (3.29) are the harmonic map equations for (¢,r) if and only if
p2 = p3. In order to find a metric on E2(«, ) with which (3.28) and (3.29)
are the harmonic map equations, one needs to solve the first-order partial

where A is a parameter of conformality. Here, I'¢ Fgﬁ are the Christoffel
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differential equations

e 7gaﬁaga5
aa

foJe
_B249a :
(1_i2)%j3(1€52) if = p2 #0,
- —(1-p%)+2a8 . _
(1—a?)B+a(1-52) if = —po,
(3.35) P
8 _ 898
8 =9 s
—(1—a?)—2a :
% if g1 =p2 #0,
N —(1-a®)4+2a8 . _
(1-a?)B+a(1-52) it = —pe.
The solutions are given by
(3.36)
( 0 1 2 1 1 2
1 (_a)ﬁaa(_ﬁ) if p1 = p2 #0,
(1-a?)f—a(1-5%)
(gaﬁ) =
0 ﬁ
) (1-a )5J6a( —p32) if = —po.
(1—a?)p+a(1-p?)
Q.E.D.

Remark 3.5 Clearly, the projected normal Gaul map (g,r) of a minimal
timelike surface in G(0,0) = E3 satisfies the wave equation

(3.37) O(q,r) =0,

where O denotes the d’Alembertian

0% 02 0?
. o=x2(-2 4+ 2 )22
(3:38) A ( o " 8$2> 9 Judv

Remark 3.6 Theorem 3.1 tells that Minkowski 3-space G(0,0) = E3, de
Sitter 3-space G(c,c) = S}, and G(c,—c) = E(1,1) are the only homo-
geneous 3-dimensional spacetimes among G(p1, p2) in which the projected
normal Gaufl map of a minimal timelike surface is harmonic.
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