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Abstract

The 2-parameter family of certain homogeneous Lorentzian
3-manifolds which includes Minkowski 3-space and anti-de Sitter 3-
space, is considered. Each homogeneous Lorentzian 3-manifold in the
2-parameter family has a solvable Lie group structure with left invari-
ant metric. A generalized integral representation formula for minimal
timelike surfaces in the homogeneous Lorentzian 3-manifolds is ob-
tained. The normal Gaul map of minimal timelike surfaces and its
harmonicity are discussed.
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Introduction

In [5], the author considered the 2-parameter family of homogeneous

Lorentzian 3-manifolds (R*(2°, 2!, %), g(,, uy)) With Lorentzian metric

I(p1,m2) = —(dz®)* + e’ (dz*)? + e 2m2e’ (dz?)2.

Every homogeneous Lorentzian 3-manifold in this family can be represented
as a solvable matrix Lie group with left invariant metric. This family of ho-
mogeneous Lorentzian 3-manifolds includes Minkowski 3-space E3, de Sitter
3-space S$(c?) of constant sectional curvature c?, and S3(c?) x E!, the di-
rect product of de Sitter 2-space S}(c?) of constant curvature c? and the
real line E'. (In the family, only Minkowski 3-space and de Sitter 3-space
have constant sectional curvature.) These three spaces may be consid-
ered as Lorentzian counterparts of Euclidean 3-space E3, hyperbolic 3-space



H3(—c?), and the direct product H?(—c?) x E!, respectively, of Thurston’s
eight model geometries [7]. In [5], the author obtained a generalized inte-
gral representation formula that includes Weierstrafl representation formula
for minimal timelike surfaces in Minkowski 3-space studied independently
by Inoguchi-Toda [2] and by the author [4], and Weierstrafl representation
formula for minimal timelike surfaces in de Sitter 3-space.
In this paper, we consider the 2-parameter family of homogeneous
Lorentzian 3-manifolds (R*(2°, 2!, 2%), g, 4y)) With Lorentzian metric
I(p10) = _e2ma’ (dz®)? + e~ 2m2e’ (dz')? + (dz?)2.

Every homogeneous Lorentzian manifold in this family can also be repre-
sented as a solvable matrix Lie group with left invariant metric. This family
of homogeneous Lorentzian 3-manifolds includes Minkowski 3-space IE:{’, anti-
de Sitter 3-space H3(—c?) of constant sectional curvature —c?, H?(—c?) x Ei,
the direct product of hyperbolic plane H?(—c?) of constant curvature —c?
and the timeline E}, and H?(—c?) x E!, the direct product of anti-de Sitter 2-
space H(—c?) of constant curvature —c? and the real line E!. (In the family,
only Minkowski 3-space and anti-de Sitter 3-space have constant sectional
curvature.) These four spaces may be considered as Lorentzian counterparts
of Euclidean 3-space E3, 3-sphere S3, the direct product H?(—c?) x E!, and
S? x E!, the direct product of 2-sphere S? and the real line E!, respectively,
of Thurston’s eight model geometries [7]. We obtain a generalized integral
representation formula that includes, in particular, representation formulas
for minimal spacelike surfaces in Minkowski 3-space ([2], [4]) and in anti-
de Sitter 3-space. The normal Gaul map of minimal timelike surfaces in
G(p1, p2) is discussed. It is shown that Minkowski 3-space G(0,0), anti-de
Sitter 3-space G(c,c), and G(c, —c) are the only homogeneous Lorentzian
3-manifolds among the 2-parameter family members G(u1, p2) in which the
(projected) normal Gaufl map of minimal timelike surfaces is harmonic. The
harmonic map equations for those cases are also obtained.

1 Solvable Lie group

In this section, we study the two-parameter family of certain homogeneous
Lorentzian 3-manifolds.

Let us consider the two-parameter family of homogeneous Lorentzian
3-manifolds

(1'1) {(Rg(x07x17x2)7g(u1,,u2)) ’ (NlaMQ) € R2}7



where the metric g(,, ,,,) is defined by
(12) G = —¢ 217 (da%)? + e (da!)? + (da?)?

Proposition 1.1 Fach homogeneous space (R?’,g(uhm)) 18 wsometric to the
following solvable matriz Lie group:

e’ 0 0 29
0 em® 0 gl
G(p1, p2) = 0 ¢ 0 1 iz 202! 22 € R

0 0 0 1

with left invariant metric. The group operation on G(u1, pe2) is the ordinary
matriz multiplication and the corresponding group operation on (R3, 9
s given by

uhuz))

(a%,a!,2%) - (2°,3",3%) = (2% + &7 20, 2! + 2”3 2?4 37).

Proof. For a = (a°,a',a?) € G(u1, p2), denote by Lg the left translation by
a. Then

La(2%, 21, 2?) = (a°, at, a?) - (20, 2, 2%)

= (a® + 0% 20 gl 4 o2yl g2 + %)

and
L*g(m,m) 6—2u1(a2+x2){d<a0 + 6“10’21'0)}2—"
6_2"2(“2”2){61((11 + 6“2“2x1)}2 + {d(a® + 2°)}?
= _e2ma? (dz®)? + ¢~ 2H2e’ (dz')? + (dz?)2.
Q.E.D.

The Lie algebra g(u1, pu2) is given explicitly by

my: 0 0 y°
0 2.0 ot
(1.3) g(p1, o) = H2y Yol 1%t y? er
0 0 0 y
0 0 0 0

Then we can take the following orthonormal basis { Ey, E1, Fa} of g(pu1, p2):
(1.4)

0001 0000 w0 0 0
o000 o001 0 pm 00
B=loooo |l ®P=looool|l'® 0o 0 01

000 0 0000 0 0 00



Then the commutation relation of g(u1, pe) is given by

[E())El] - 07 [ElaEQ] = _M2E17
[E2, Eo] = 11 Ep.

[[g,9],[9,0]] = 0, so g(u1,p2) is a solvable Lie algebra i.e. G(ui,pus2) is
a solvable Lie group. For X € g(u1,u2), denote by ad(X)* the adjoint
operator of ad(X). Then it satisfies the equation

(X, Y], 2) = (Y,ad(X)"(2))

for any Y, Z € g(u1,p2). Let U be the symmetric bilinear operator on
9(p, p2) defined by

1
UX,Y):= E{ad(X)*(Y) +ad(Y)"(X)}.
Lemma 1.1 Let {Ey, E1, E2} be the orthonormal basis for g(u1, us) defined
in (1.4). Then

U(E()vEO) = M1E2a U(ElaEl) = _,U2E27 U(E27E2) = 07

U(Eo, Ey) =0, U(Ey, E) = %El, U(Es, Eo) = %EO.
Let © be a simply connected domain and ¢ : ©® — G(u1, 2) an immersion.
© is said to be timelike if the induced metric I on ® is Lorentzian. The
induced Lorentzian metric I determines a Lorentz conformal structure Cj
on ®. Let (¢,x) be a Lorentz isothermal coordinate system with respect to

the conformal structure C;. Then the first fundamental form I is written in
terms of (¢, x) as

(1.5) I = e¥(—dt* 4 dx?).

The conformality condition is given in terms of (¢, x) by
9 09\ _
ot’ox/)

_ (9% 00\ _ [Op Do\ _
ot’ot) \ox ox/

A conformal timelike surface is called a Lorentz surface. Let u :=t + x and
v := —t+x. Then (u,v) defines a null coordinate system with respect to the

(1.6)



conformal structure C;. The first fundamental form I is written in terms of

(u,v) as

(1.7) I = e“dudv.
The partial derivatives g—i and 8—f are computed to be
Oy dp Oy dp 1 dp Oy

(18) u (8t+8x "av 2\ "o "o )
The conformality condition (1.6) can be written in terms of null coordinates
as

99 09\ _ [92 9o\ _
(1.9) ou’ du v’ v ’

9p Op\ _ 1.,
ou’ v 27
Definition 1.1 Let ©(¢,x) be a simply connected domain. A smooth time-

like immersion ¢ : ® — G(u1, pu2) is said to be harmonic if it is a critical
point of the energy functional

(1.10) E(p) = / e(p)dtdx,
D
where e(yp) is the energy density of ¢
1 _10p 2 _10¢ 2
1.11 =_{— |1 L
(1.11) e(p) = 5 { ‘w 5| T '«p 5
—109¢ 2 —10¢  _—10¢p —10¢ ,_—10¢

2
:<<p Ertk4 %> > 0, so

‘(P W‘ :<<P 200P ot
e(¢) > 0 and hence E(yp) >

o\/
N
o
o
=
o
AS)
_
S
1S

The following lemma is proved in [5]. The statement is still valid for
G(p1, p2) under consideration in this paper.

Lemma 1.2 Let © be a simply connected domain. A smooth timelike im-
mersion ¢ : © — G(p1, p2) is harmonic if and only if it satisfies the wave
equation

(1.12)

0 (ade) 0 (e
ot (SO at) * Ox (tp Oz
100\ [ _{0¢ 100\ [ _,0¢
) 19¥ 19¥ 10¥ 10¥ _
{ ad (tp 8t> <sp 8t> +ad <('0 830) <§0 ox 0

!This is an analogue of the Dirichlet energy.




In terms of null coordinates u, v, the wave equation (1.12) can be written
as

9 10 9 10 10¢ 0
1.1 < %), L PN 9 9 1%
(1.13) ou (gp 8’0) o <SO ou Ul o'’ v 0

Let ¢ 'dp = o/du + o"dv. Then the equation (1.13) is equivalent to
(1.14) al +alr =2U(d,a").

The Maurer-Cartan equation is given by

(1.15) ol —all =1, a"].

The equations (1.14) and (1.15) can be combined to a single equation
1
(1.16) al :U(a’,a")+§[a',a"].

The equation (1.16) is both the integrability condition for the differential
equation ¢ 'dy = o/du + o’dv and the condition for ¢ to be a harmonic
map.
Left-translating the basis { Ey, E'1, F2}, we obtain the following orthonor-
mal frame field:
0 0
arl 2 a2

The Levi-Civita connection V of G(u1, ue) is computed to be

2 a 2
T T
ep = et 9,07 e1 = eM?

veoe() = —H1€2, veoel = 07 VEOGZ = —H1€o,
Veeo =0, Ve e1 = poea, Ve ea = —poeq,
Ve,e0 = —p1€0, Ve,e1 = —pger, Ve,ea = 0.

Let K(e;, e;) denote the sectional curvature of G(ju1, po) with respect to
the tangent plane spanned by e; and e; for ¢,5 = 0,1,2. Then

K(eg,e1) = QOORclno = —H1H2,
(1.17) K(ei,ez) = QHR%m = *Mga
K(607 63) = 900R830 = _:U’%v

where gij = g(u, 1) (€is €j) denotes the metric tensor of G(ju1, pu2). Hence,
we see that G(ju1, pu2) has a constant sectional curvature if and only if p2 =
p3 = pipo. If ¢ == g = po, then G(u1, po) is locally isometric to H3(—c?),
the anti-de Sitter 3-space of constant sectional curvature —c2. (See Example
1.2 and Remark 1.1.) If G(u1,12) has a constant sectional curvature and
p1 = —pz, then g = pg = 0, so G(u1, p2) = G(0,0) =2 E} (Example 1.1).



Example 1.1 (Minkowski 3-space) The Lie group G(0, 0) is isomorphic and
isometric to the Minkowski 3-space

E} = (R*(a”,z',2%), +)
with the metric —(dz?)? + (dz')? + (dz?)?.

Example 1.2 (Anti-de Sitter 3-space) Take p; = pa2 = ¢ # 0. Then G(c, ¢)
is the flat chart model of the anti-de Sitter 3-space:

- CZ‘Q
Hi(—c*)+ = R (2%, 2t  2%), e 7 {—(da®)? + (d')?} + (da®)?).
Remark 1.1 Let Ej be the pseudo-Euclidean 4-space with the metric (-, -):
() = —(du®)? = (du')? + (du®)? + (du?)?.

in terms of rectangular coordinate system (u®,ul,u?,u3). The anti-de Sit-
ter 3-space H3(—c?) of constant sectional curvature —02 is realized as the

‘L 4.
hyperquadric in Ej:

c2

(=) = {0t o) € B s ()7 - ()P (2 (0 =~ 5 ).

The anti-de Sitter 3-space H3(—c?) is divided into the following three regions:
H(—?)s = {(u°,ul 02, 0®) € HE(—c2) : el +u2) > 0};
HS (—c)o = {(u®, u!, u? u?) € H3(—c?) : u! +u? = 0};
H3 (—c?)_ = {(u®, v, u?, ud) € H3(—c?) @ c(ut +u?) <0}

H3 (—c?) is the disjoint union H3(—c?)+ +H3(—c?)o+H3(c?) - and H3(—c?)+

are diffeomorphic to (IR3, g(cvc)). Let us introduce a local coordinate system
(29, 21, 2%) on H3(—c?)+ by

0 u’
= ——
c(ut 4+ u?)
1 u?
T = :
c(ut + u?)
1
2 = —=In[c(ut +u?)].

c

The induced metric of H3(—c?), is expressed as:

ge 1= 727 L (da®)? + (da')?} + (da?)>.



The chart (H3(—c?)4, gc) is called the flat chart of H3(—c?). The flat chart
is identified with the Lorentzian manifold (R3, 9(c,c)) of constant sectional
curvature —c?. This expression shows that the flat chart is a warped product
E! x; E? with Waurping2 function f(z?) = e~z Introducing 1° = ca?,
y' = cx!, and y? = e“®", we also obtain half-space model of anti-de Sitter

3-space H3(—c?) with an analogue of Poincaré metric

o —(dy°)? + (dy')? + (dy?)?
9e = 2(y2)2 :

Example 1.3 (Direct Product H?(—c?) x E{) Take (u1, u2) = (0, ¢) with
¢ # 0. Then the resulting homogeneous spacetime is R? with the Lorentzian
metric

_(de)Q —2cx? (d:L‘ ) (d$2)2.

G(0,c¢) is identified with H2(—02) x Ei, the direct product of hyperbolic
plane H?(—c?) of constant curvature —c? and the timeline E1.

Example 1.4 (Direct Product H?(—c?) x E') Take (u1, u2) = (c,0) with
¢ # 0. Then the resulting homogeneous spacetime is R? with the Lorentzian
metric

2’ (dz®)? + (dz®)? + (dah)2.

G(c,0) is identified with H2(—c?) x E!, the direct product of anti-de Sitter
2-space HZ(—c?) of constant curvature —c? and the real line E!.

Example 1.5 (Homogeneous Spacetime G(c,—c)) Let 1 = cand s =
—c with ¢ # 0. Then the resulting homogeneous spacetime G(c, —c) is R?
with the Lorentzian metric

_672012 (dx0)2 QCx (dl’ ) (d$2)2.

2 Integral representation formula

Let ©(u,v) be a simply connected domain and ¢ : © — G(u1,u2) an
immersion. Let us write p(u,v) = (2°(u,v), 2! (u,v), ?(u,v)). Then

s —1890
o =T —
ou
(2.1) 00 ox! Ox?
—p1a? paz?
8ue E0+au€ E1+8 E,



" —18‘70
R 4 ov
(2.2) 8:6 ozt Oz
[ _Mlx E - M2$ E 7E
=o€ 0t 5, ¢ 1+ 5, o2

It follows from (1.14) that

Lemma 2.1 ¢ is harmonic if and only if it satisfies the following equations:

9220 (31:0 ox? 029 8x2> B

dude M\ d a0 v ou
0%t Ox! 022 Ox' 022
2.3 _ g9\ o
(23) Oudv “2<au ov oo 8u> ’
0% 0x° 920 _, .2 833 Ot 2
- 7 77 oA —2p2x® _
duov M1 ou v © + 29u v © 0
The exterior derivative d is decomposed as
d=0 +9,

where &' = %du and 9" = %dv with respect to the conformal structure of
9. Let

(wo)/ _ e—mx?alxo7 (wo)// _ 6_“1x28”a}0,
(wl)l — ef"”Qalazl, (wl)ll — eﬁugxza//xl7
(w2)/ — 8/$2, (WQ)// _ 8”%‘2.

Then by Lemma 2.1, the 1-forms (w;)’, (w;)”, i = 0,1, 2 satisfy the differen-
tial system:

(2.4) " (W = pis1 (W) A (WP, i =0,1,
(2.5) 9"(w?) = (W) A (@) = p2(wh)" A (@1
(2.6) "W = pip1 (W) A WD, i=0,1,
(2.7) ' (w?)" = p(wo)' A (@) = pa(w') A (wh)".

Proposition 2.1 If (w;), (wi)”, i = 0,1,2 satisfy (2.4)-(2.7) on a simply
connected domain ®. Then
(2.8)

plu,0) = [ @Oy e @l @)+ [ (@ WO e ) )

is a harmonic map into G(u1, p2).



Conversely, if {(w;)’, (w;)” : 4 =0,1,2} is a solution to (2.4)-(2.7) and
—@)'® @) + @) @ W) + (W) e W) =0,

—(@)"® W)+ (@) @ @)+ @) ® (W) =0

on a simply connected domain @, then ¢(u,v) in (2.8) is a weakly conformal

harmonic map into G(u1, p2). In addition, if

(2.10) —(@)'® (@) + W) ® W)+ () ® ()" #0,

then ¢(u,v) in (2.8) is a minimal timelike surface in G(u1, p2).

(2.9)

3 Normal Gaufl map

Let ¢ : ©® — G(u1,u2) be a Lorentz surface i.e. a conformal timelike
surface. Take a unit normal vector field N along ¢. Then by the left
translation we obtain the smooth map

e IN:D — S3(1),

where

SH(1) = {u’Ey + u' By + w?Ey - —(u”)? + (u')® + (u*)? = 1} C g(p1, pi2)
is the de Sitter 2-space of constant Gaufliian curvature 1. The Lie algebra
a(p1, po) is identified with Minkowski 3-space E3 (u®, u', u?) via the orthonor-
mal basis {Ey, F1, F2}. Then smooth map ¢~ !N is called the normal Gauf}
map of ¢. Let ¢ : ® — G(u1, u2) be a minimal timelike surface determined
by the data ((w?), (w!)’, (w?)") and ((w®)”, (W!)", (W?)"). Write (w?)" = &'du
and (w')” = nidv, i = 0,1,2. Then
I = 2(—(0)0)/ ® (wO)// + (wl)/ ® (U)l)// + (w2)/ ® (w2)//)

=2(=¢"" + €' + €% dudv.
The conformality condition (2.9) can be written as
—(€)?+ () + () =0,
—(°)? + (") + (*)* = 0.
It follows from (3.2) that one can introduce pairs of functions (g, f) and
(r,g) such that

(3.1)

(3.2)

—& 0_ (1
42@7 ==&,
(3.3) .
r= g 9= ),

10



In terms of (¢, f) and (r,9), ¢(u,v) = (2°(u,v), z(u,v),2%(u,v)) is given
by Weierstral type representation formula

x%%v%=;Wﬂ%”{/@+qﬁﬂw—(r+ﬂwma

1
(3.4) zt(u,v) = —56“2362(“’”) /(1 — @) fdu + (1 —r?)gdv,

22 (u,v) = —/qfdu + rgdv.
with first fundamental form
(3.5) I = (1+qr)?fgdudv.

Remark 3.1 In the study of minimal timelike surfaces in Minkowski 3-
space, one may assume that f = g = 1 so that (3.4) reduces to a simpler
form called the normalized Weierstraf§ formula. This is possible as there are
no restrictions on f and g other than f and g being Lorentz holomorphic
and Lorentz anti-holomorphic respectively. (See [2] and [4].) However, this
is not the case with minimal timelike surfaces in anti-de Sitter 3-space as
we will see later.

It turns out that the pair (g,7) is the Normal Gau8 map ¢~ !N projected
into the Minkowski 2-pane E?. To see this, first the normal Gaufl map is
computed to be

1
3.6 “IN = —r)E E — 1)Ey).
36 ¢N = lla- B0+ g+ 0B+ (@ - DE
Let pp : S3(1) \ {22 = 1} — E2? \ H} be the stereographic projection from
the north pole NV = (0,0, 1). Here, H[l) is the hyperbola

IHI(lJ = {QTOEQ + :ElEl c E% . _(130)2 + (x1)2 _ _1}.

Then

0 1
X i
E° EL.
1—z2? +1—x2

(3.7) on (2 Eg + 21 By + 2% Fy) =
So, the normal Gaufl map ¢ !N is projected into the Minkowski plane E?
via py as

q—r
2

q

(3.8) pnop N = Ey +

;TEleEﬁux)

11



In terms of null coordinates (u,v), (3.8) is written as

(3.9) pn o 'N = (g,r) € Ef(u,v).

The pair (g, r) is called the projected normal Gaufs map of . It follows from
(2.4) and (2.5) that

¢t : ,

875 = Hi—&-l??lfzv 1= 07 17
(3.10) a;?

S = ' — '€
Using (3.10), we obtain

of _og" _og!

(3‘11) 81) a 81) av

1

= alm (1 +77%) = pa(1 = )] fg
and
o _ GI-€8

(3.12) v f?

= L (1= )1 +7) + (L + @)1 - ).

It follows from (2.6) and (2.7) that

on' - .
aZL = Mi+1§ln2, = 0) 17

8772
S 1E%° — ot
u

(3.13)

Using (3.13), we obtain
dg _ 9n° om

(3.14) ou X ou ou
= 57l +a%) = (1 = *))fg
and
or %—fg - T]Q%
(3.15) du ) 9
=+ @)1 —1%) + pa(1 = ¢*) (1 +12)]f.

12



Remark 3.2 Setting f = g = 1, we obtain from (3.11), (3.12), (3.14), and
(3.15)

(3.16) 0= qlun (1+7%) = pa(1 = 77)],

B17) 9T (- A1)+ a1+ )~ r?)
and

(3.18) 0= rlm(1 + ) — w1~ ),

319) 50 = ()0 =)+ el - )1+ )

Let j1 = p2 = c. Then it follows from (3.16) that ¢gr? = 0 i.e. we have ¢ =0
or r = 0. If ¢ = 0 then (3.17) says ¢ = 0. If r = 0 then (3.19) says ¢ = 0
also. Hence, we cannot have f =g=1if yy = po = c # 0.

Remark 3.3 For G(0,0) = E3,

of _ g _,
o v
99 _ or _
ou  Ou

That is, f,q are Lorentz holomorphic and g, r are Lorentz anti-holomorphic.
From (3.4), we retrieve the Weierstrafl representation formula ([2], [4]) for
minimal timelike surface ¢(u,v) = (2°(u,v), 2! (u,v), 2?(u,v)) in E} given
by
0 1 2 2
)= 5 [0+ @) fdu— (14 r%)gdo,
1 1 2 2
(3.20) x (u,v) = 2/(1 —q¢°) fdu+ (1 —r*)gdv,
22 (u,v) = —/qfdu + rgdv.

Remark 3.4 If y1 = po = ¢ # 0, then (3.12) and (3.15) can be written
respectively as

(3.21) 0 a1+,
(3.22) g—; - g(l —qr)(1+qr)f.

13



If % = % = 0, then gr = 1. Differentiating this with respect to v and v

respectively, we obtain % = % = 0. So, ¢ and 7 are constants such that

gr = 1. This means that ¢ !N is constant and II = 0. Hence, minimal
timelike surface ¢ obtained by a Lorentz holomorphic map g and a Lorentz
anti-holomorphic map 7 is totally geodesic.

From here on, we assume that ¢? # 1 and 72 # 1. It follows from (3.11),
(3.12), (3.14), and (3.15) that the projected normal Gaufl map (g, ) satisfies
the equations

9%q 2q[p1 (1 +7%) — pa(1 — 1?)] 0q 9q
oudv (1 —¢?) (14 72) + p2(1 +¢?)(1 —r2) Qu dv
(323) o 4(}“% — Mg)(l — q4)7“
[1(1+¢*)(1 = 72) + p2(1 — ¢*)(1 +12)]
or o _
(1 (1 = ¢®) (1 +72) + pa(1 + ¢?) (1 —r2)] du dv
and
>r [ (1 +¢%) — (1 = ¢*)Ir or or
ovdu (14 ¢2) (1 —72) + pa(1 — ¢2)(1 +12) du dv
B A — p3)g(1 =)
24 a0 =) + = A+
or dq

(1 — @)1+ %) + pa(L+ ) (1 —r2)] dudv

The equations (3.23) and (3.24) are not the harmonic map equations for the
projected normal Gaufl map (q,v) in general. The following theorem tells
under what conditions they become the harmonic map equations for (g, v).

Theorem 3.1 The projected normal Gauf$ map (q,r) is a harmonic map if
and only if u? = p2. If uy = g # 0 then (3.23) and (3.24) reduce to

0%q 2qr? dq Oq
(3:25) dudv + (1+q¢r)(1—qr)oudv
2 2
(3.26) or 2q7r  Oror_,

ovou  (1+qr)(1 —gqr)Oudv

(3.25) and (3.26) are the harmonic map equations for the map (q,r) :
D(u,v) — (E%(a,ﬁ), 12_dg§lEQ> If in = —pa then (3.23) and (3.24) re-

14



duce to

0%q 2q dq dq
2 - bt Rk G
(3:27) Oudv  (q+r)(g—r)0udv 0
2
2
(3.28) o°r r or Or _o

dvdu + (q+7)(g—7) Oudv
(3.27) and (3.28) are the harmonic map equations for the map (q,r) :
”D(u,v) — (E%(Oé,,@), 22?%@)

Proof. The tension field 7(q,r) of (g,r) is given by ([1], [8])

0%q o 0q0q O*r 5 Or 8r>

2 =4\ udv Bvau T 5u e
(8:29) rlar) =4 <8u8v %5y 9v’ dodu | P8 Bu du

where A is a conformal factor and Fga,FgB are the Christoffel symbols of

E2(a, 3). Comparing (3.23), (3.24) and 7(q,v) = 0, we see that (3.23) and
(3.24) are the harmonic map equations for (gq,v) if and only if p? = u2.
In order to find a metric on E?(a, 8) with which (3.23) and (3.24) are the
harmonic map equations, one needs to solve the first-order partial differential

equations
e — gab’agaﬁ
ao aa
2 .
% if g1 =p2 #0,
3.50) —lty i = —pe,
(3. 8 _ god 09ap
88 B

2 .
% if p1 = p2 #0,

_26 ¢

aZ_ 32

H1 = —H2.

The solutions are given by

R AN
1 0 if /1’1:/1’27&07

o252
0 i ‘
( ) 026@) if = —pa.
{ P

15

(3.31) (9ap) =

Q.E.D.



Remark 3.5 Clearly, the projected normal Gaul map (¢,r) of a minimal
timelike surface in G(0,0) = E3 satisfies the wave equation

(3.32) O(q,7) = 0,
where O denotes the d’Alembertian

92 92 02
3.33 O=\2(- 4+ ") =422 )
(3:33) < oz * aﬁ) dudv

Remark 3.6 Theorem 3.1 tells that Minkowski 3-space G(0,0) = E3, anti-
de Sitter 3-space G(c,c) = H3(—c?), and G(c, —c) are the only homoge-
neous Lorentzian 3-manifolds among G(j1, pe) in which the projected nor-
mal Gaufl map of a minimal timelike surface is harmonic.
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