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Abstract New transmissibility upscaling procedures
designed to accurately capture full-tensor effects are
developed and applied. These techniques are based
on variable compact multipoint (VCMP) flux approx-
imations. VCMP is extended to irregular grids. Two
approaches for including global flow information within
the VCMP upscaling procedure are considered—one
in which the upscaled model is determined directly
and one in which iteration of the coarse-scale model
is used to minimize the mismatch between coarse-
scale fluxes and integrated fine-scale fluxes. To guar-
antee monotonicity, the VCMP stencils are adapted
to assure the coefficient matrix is an M-matrix when-
ever nonmonotone solutions are encountered. The new
VCMP procedures are applied to multiple realiza-
tions of two-dimensional fine-scale permeability de-
scriptions for coarse models defined on both Cartesian
and irregular quadrilateral grids. Both log-normally
distributed permeability fields with oriented layers and
channelized models are considered. Six different up-
scaling techniques (extended local, direct global, and
iterated global, each using both two-point and VCMP
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flux approximations) are assessed for four different sets
of global boundary conditions. The global VCMP tech-
niques consistently display high degrees of accuracy for
total flow rate, L2 flux error, and L2 pressure error.
For the oriented-layer cases, where full-tensor effects
are important, the global VCMP methods are shown to
provide clearly better overall accuracy than analogous
methods based on two-point flux approximations. For
channelized cases in which full-tensor effects are not
significant, both types of methods provide high levels of
accuracy. The selective M-fix procedure is also shown
to lead to improved accuracy, which can be significant
in some cases. In total, for the systems considered
here, the new global VCMP upscaling techniques are
observed to provide the best overall accuracy of any of
the upscaling methods investigated.

Keywords Upscaling · Two-point flux approximation
(TPFA) · Variable compact multipoint (VCMP) ·
Transmissibility · Full-tensor permeability ·
Heterogeneity · Multiscale · Reservoir simulation ·
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1 Introduction

A typical geocellular model of a heterogeneous oil
reservoir may contain on the order of 107 to 108 cells.
Although feasible, numerical simulations using such
large geological models are usually still far too expen-
sive for realistic applications. This is because, in prac-
tice, multiple simulations must be performed in order
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to choose among various recovery or well placement
strategies. In addition, the impact of reservoir uncer-
tainty is typically quantified by simulating a large num-
ber of geostatistical realizations of the reservoir [3]. For
these reasons, geological models are usually upscaled
by a factor of 10 to 1,000 in practical reservoir simu-
lation settings. Our objective in this work is to extend
existing upscaling capabilities to provide more accurate
coarse-scale models while accommodating general per-
meability anisotropy and irregular quadrilateral grids.

Within the context of subsurface flow modeling, the
most fundamental property considered for upscaling
is the rock permeability (designated k). Upscaling of
permeability has been an active area of research, and
extensive reviews of existing methods are given in
[9, 12, 13, 26], among others. Methods can be classified
as permeability or transmissibility upscaling procedures
depending on the coarse-scale property computed. Per-
meability upscaling methods entail the determination
of equivalent permeability tensors (designated k∗) for
each coarse-scale grid block. Interface transmissibili-
ties, which are required by finite-volume simulators,
are then computed from the k∗ in nearby grid blocks
(transmissibility can be viewed as the numerical analog
of permeability and involves both permeability and grid
geometry). In transmissibility upscaling techniques, by
contrast, the coarse-scale transmissibility at the inter-
face (designated T∗) is determined directly in the up-
scaling procedure. Transmissibility upscaling has been
shown to provide more accurate coarse-scale models
than permeability upscaling for highly heterogeneous
systems (e.g., [5, 27]). Our focus here will therefore be
on transmissibility upscaling procedures.

Upscaling methods can also be distinguished in terms
of the size of the domain used for the determination of
the upscaled properties. In purely local upscaling, the
upscaled transmissibility for the interface between two
coarse grid blocks i and i + 1 is computed by solving a
flow problem over the fine-scale domain corresponding
to these two coarse blocks. Figure 1 illustrates this for
a general quadrilateral grid, where the solid cells depict
the local region. Note that the local region here includes
all fine cells needed to form rectangular coarse blocks
that cover the irregular coarse blocks.

In extended local (EL) upscaling, border regions
are added around the two coarse blocks to reduce
the impact of the assumed boundary conditions (e.g.,
[16, 19, 28, 29, 31]). In Fig. 1, for example, the EL region
(indicated by the dashed lines) has a border region of
one coarse-scale cell in each direction.

In global upscaling approaches, global fine-scale
problems are solved to determine the coarse-scale pa-
rameters [6, 20, 24, 32]. Global upscaling techniques can

Fig. 1 A local region (solid) and border region (dashed bound-
aries) for a general quadrilateral coarse grid. The coarse cells are
drawn in heavier lines and underlying fine Cartesian grid cells in
lighter lines

provide better accuracy than local or EL procedures as
they are better able to capture the effects of large-scale
permeability connectivity. They do, however, require
the solution of a global flow problem, which can be
expensive or even prohibitive in some cases. Local–
global methods comprise a family of related procedures
designed to introduce global flow effects without the
need for global fine-scale solutions [4, 5, 14, 30]. The use
of global information in the construction of multiscale
basis functions has also been shown by Efendiev et al.
[11] to lead to significant improvements in multiscale
finite element solutions.

Although the coarse-scale pressure equation is taken
to be of the same form as the fine-scale pressure
equation, significant full-tensor anisotropy can arise on
the coarse scale as a result of the upscaling process,
even if the fine-scale permeability is isotropic. This
will occur, for example, if strong geological layering
exists and this layering is skewed relative to the coarse
grid. Full-tensor anisotropy can also appear from grid
nonorthogonality effects. It is generally accepted that
multipoint flux approximations (MPFA) are required
to accurately represent full-tensor effects in finite-
volume flow simulators [2, 10, 23]. These methods ex-
press the flux between two adjacent grid blocks not only
in terms of the pressure in those grid blocks, as in two-
point flux approximations (TPFA), but also in terms
of pressures in a number of other grid blocks near the
face. MPFA methods are more accurate than TPFA
methods for systems with full-tensor anisotropy, but
lead to increased computational costs because of wider
discretization stencils. Most MPFA methods introduce
a nine-point stencil in 2D and a 27-point stencil in 3D.
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Standard MPFA methods do not, however, guaran-
tee that the discretized problem results in an M-matrix,
and therefore, they can lead to nonmonotonic pressure
solutions [1, 25]. Such solutions are unphysical and
can be problematic in practice. To address this issue,
Gerritsen et al. [15] and Lambers et al. [22] pro-
posed the variable compact multipoint approxima-
tion (VCMP). VCMP generates locally varying stencils
that are optimized for flow accuracy and minimum
stencil width and can be adapted to ensure certain
M-matrix properties. VCMP was designed for general
grid topologies, but has so far been implemented only
on Cartesian and adapted Cartesian grids. In addition,
it has only been used in local and EL upscaling proce-
dures and has not been generalized for use with global
upscaling. We note that ideas from VCMP have also
been applied within the context of multiscale finite vol-
ume procedures [18] to improve M-matrix properties.

Our goals in this paper are to extend VCMP up-
scaling procedures in two important directions. Specif-
ically, we (1) develop global VCMP techniques and
(2) apply VCMP (both local and global versions) to
general quadrilateral grids. Previous global transmis-
sibility upscaling methodologies (e.g., [6, 20, 24, 32])
were presented within the context of TPFA, so they can
lose accuracy when full-tensor effects are significant.
Similarly, although full-tensor permeability upscaling
on irregular grids has been presented [17, 28], exist-
ing techniques for transmissibility upscaling on general
quadrilateral grids are based on two-point fluxes. We
apply the M-fix as suggested by Gerritsen et al. [15] and
Lambers et al. [22], but only when solutions are found
to be nonmonotone.

All of our examples involve steady-state single-phase
incompressible flow in two spatial dimensions. The
simplified form of the single-phase pressure equation
allows us to understand the performance and basic
properties of the various schemes. The methodologies
presented here are not, however, limited to single-
phase flow and can be directly applied to the multiphase
flow case. High accuracy for single-phase flow is a key
requirement for accuracy in upscaled multiphase flow
problems, so our findings are relevant for more general
cases. The need for accurate upscaled transmissibilities
in two-phase (oil–water) systems is well documented
in previous papers (e.g., [5, 30, 32]). We also note
that extension of the upscaling procedures presented
here to three dimensions is straightforward. Extension
of VCMP-EL methods to three dimensions is demon-
strated in Lambers and Gerritsen [21].

This paper proceeds as follows. In Section 2, we
present the governing pressure equation and review
local and EL upscaling, TPFA discretization schemes,

and the VCMP method. Then, in Section 3, we consider
global upscaling and describe the use of VCMP within
this context. Extensive numerical results are presented
in Section 4. We consider multiple realizations of ori-
ented Gaussian and channelized permeability fields,
with flow driven by several different boundary speci-
fications, and regular and irregular grids. The enhanced
accuracy of our new procedures is clearly illustrated.
Additional discussion and conclusions are presented in
Sections 5 and 6.

2 Local and EL upscaling methods

2.1 Single-phase pressure equation

We consider steady-state incompressible single-phase
flow in the absence of gravity and source terms. The
governing dimensionless fine-scale pressure equation
derives from Darcy’s law (u = − k

μ
· ∇ p) combined

with mass conservation for an incompressible system
(∇ · u = 0), with u being the Darcy velocity and p the
pressure. The pressure equation is then given as

∇ · (k · ∇ p) = 0. (1)

Upscaling is required because k varies over a wide
range of spatial scales. The coarse-scale pressure equa-
tion is of the same form as Eq. 1, with k replaced by
k∗. Our upscaling computations involve the solution
of Eq. 1 over a particular domain, and the subsequent
determination of upscaled parameters (k∗ or T∗) from
appropriate integration of u and p.

2.2 Coarse models with TPFAs

We now discuss the use of local or EL transmissibil-
ity upscaling to provide coarse models described by
TPFA. This requires the solution of Eq. 1 in a local or
EL fine-scale region, as illustrated in Fig. 1. Constant-
pressure boundary conditions are imposed at the inlet
and outlet, and no-flow boundary conditions are pre-
scribed on the remaining boundaries (other boundary
specifications are also possible). Assuming that the
flux is related only to the pressures of the two cells
adjacent to the face (Fig. 2), we compute an upscaled
transmissibility as

T∗ = f c

pc
1 − pc

2

, (2)

where T∗ is the TPFA upscaled transmissibility and
pc

1 = 〈p〉1 and pc
2 = 〈p〉2 represent the area-averages of
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Fig. 2 The red dots denote
the centers of quadrilateral
grid blocks that are used to
construct a TPFA to the flux
across a face, indicated by
the thick red line

the fine-scale pressures over the regions corresponding
to the two coarse cells. The flux across the region
corresponding to the coarse-cell face, f c, is obtained
by integrating the fine-scale fluxes over the face; i.e.,
we compute

∫
l u · n dl, where l designates the coarse-

cell face and n is the unit normal to the face. When
the coarse and fine grids are not aligned, a linear in-
terpolation of the components of u in the appropriate
fine-scale cell is used to determine u along the face.

The above description is for a local flow in the
x direction. A similar procedure is applied to compute
the transmissibility in the y direction, using a local flow
problem driven by a pressure difference in y.

2.3 Coarse models with VCMP flux methods

The TPFA may lead to large upscaling errors if there is
strong anisotropy. To obtain an accurate representation
of full-tensor permeability anisotropy, a transmissibil-
ity upscaling method for MPFAs was developed in
Lambers et al. [22]. The stencil of this VCMP flux
approximation is allowed to vary from cell to cell.

Fig. 3 The red dots denote
the centers of quadrilateral
grid blocks that are used
to construct a VCMP
approximation to the flux
across a face, indicated
by the thick red line

In contrast to TPFA, the transmissibility approxi-
mations include not just two but up to six averaged
pressure values, as illustrated in Fig. 3. Thus,

f c = −tT pc, (3)

where t is the transmissibility vector, t = [t1, t2, ..., t6]T ,
and pc contains the six averaged coarse pressure values,
that is, pc = [pc

1, pc
2, ..., pc

6]T (note that we use lower-
case t here to distinguish these MPFA transmissibil-
ities from TPFA transmissibilities and that, although
these t j, j = 1, ..., 6 are upscaled quantities, we drop the
∗ superscript for conciseness). We use two main criteria
to find the transmissibility coefficients t j. First, they
are computed to honor closely two fluxes ( f c)i , i = 1, 2
across the coarse-cell face that result from generic flow
problems on the EL region with flow driven in the
x and y directions, respectively. The fluxes ( f c)i , i =
1, 2 are found by integrating the computed fine-scale
fluxes over the coarse-cell face. Second, the transmissi-
bility coefficients t j are required to lead, when possible,
to a TPFA. Additional and necessary constraints on the
t j and their signs are imposed for consistency. Thus, we
find a solution by solving the optimization problem

min
t

2∑

i=1

α2
i

∣
∣(tT pc)

i + (
f c)

i

∣
∣2 +

6∑

j=3

β2
j t

2
j , (4)

under the linear constraints

6∑

j=1

t j = 0, t2 j−1 ≤ 0, t2 j ≥ 0, j = 1, 2, 3.

(5)

The weights αi and β j in VCMP-EL are free to be
chosen. Here, we elect to take them as | ( f c)i | and
(| f c

1| + | f c
2|)/M, respectively, where M is a tuning
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parameter. Large values of M lead to transmissibility
weights that better resolve the two local flows, while
small values of M drive the method toward a TPFA
representation. Here, we use M = 1,000 to empha-
size accuracy. The resulting VCMP stencils vary from
cell to cell in terms of the number of points included
and the values of the corresponding transmissibility
weights.

Equating the sum of the fluxes across all faces of
each coarse cell, so as to honor Eq. 1, leads to the
matrix–vector equation Ap = b , with p as the vector
of unknown pressures and b as a vector determined by
the boundary conditions. The elements of A depend on
the transmissibility weights.

As discussed in Section 1, unlike TPFA, MPFA
methods do not necessarily lead to a monotone pres-
sure field. In Gerritsen et al. [15], it was therefore
suggested to apply a correction to the matrix elements
of A to make it an M matrix, hence guaranteeing
monotonicity. Sufficient conditions for A to be an
M matrix are that

ak,k > 0, ∀k, (6)

ak,l ≤ 0, ∀k, l, k 	= l, (7)

and the row sums must satisfy

∑

l

ak,l ≥ 0, ∀k, (8)

with strict inequality for at least one row. Thanks to the
sign constraints imposed on the weights, the diagonal
elements of A are already guaranteed to be positive, so
Eq. 6 is automatically satisfied.

If we can ensure that Eq. 7 is also satisfied, then the
condition in Eq. 8 is satisfied as well. The first condition
in Eq. 5 implies that the row sum will be zero if row
k corresponds to a cell without boundary faces, and
positive for a cell with a boundary face, because, in
view of the inequality constraints in Eq. 5, only negative
contributions to matrix elements will be omitted due to
the boundary conditions.

Therefore, we only have to fix the wrongly signed
off-diagonal elements to obtain an M-matrix. Each off-
diagonal element of A is composed of nonnegative and
nonpositive transmissibilities and can be written as:

akl =
m+

kl∑

j=1

t+j,kl +
m−

kl∑

j=1

t−j,kl, (9)

where each t+j,kl ≥ 0 and each t−j,kl ≤ 0. Let ãkl be the

(k, l) entry of the updated matrix Ã. To guarantee that
Ã is an M-matrix, we impose the constraints

|t̃−j,kl| ≥ |t−j,kl|, |t̃+j,kl| ≤ 1

m+
kl

⎛

⎝
m+

kl∑

j=1

|t−j,kl|
⎞

⎠ , (10)

in addition to Eq. 5, and then recompute t j. This
predictor–corrector step is called the M-fix.

It is important to note that we can guarantee
monotonicity for all possible boundary conditions by
imposing the M-fix on the matrix resulting for Dirichlet
boundary conditions on the entire boundary. This is
due to the fact that, for any face on which Neumann
boundary conditions are imposed, potential positive
contributions to off-diagonal elements are not included
in Eq. 10, whereas such stencils are included in the
analysis when only Dirichlet boundary conditions are
imposed.

In our implementation, we do not indiscriminately
apply the M-fix. The above M-fix constraints, which
are sufficient but not always necessary to guarantee
monotonicity, can affect upscaling accuracy in some
cases. Therefore, we choose to only apply the M-fix
when the computed discrete solutions are indeed non-
monotone, that is, when there is at least one discrete
pressure value pi, j that is a local maximum or minimum
when compared to its direct neighbors pi±1, j±1. We
refer to this as the selective M-fix.

2.4 Algorithms for VCMP-local and VCMP-EL

The algorithms for VCMP combined with local and EL
upscaling are given as follows:

1. For each face of the coarse grid, define a fine-scale
local or EL region. The local region for VCMP
methods is the smallest rectangle containing the six
coarse cells surrounding the face, shown in Fig. 3.
For VCMP-EL, we add one coarse-scale cell along
the dimension that is approximately perpendicular
to the face.

2. Solve two local fine-scale flows Eq. 1 with two sets
of generic boundary conditions on the local regions:
constant pressure in one coordinate direction and
no-flow in the other coordinate direction.

3. Find the six coarse-scale pressure values, pc, and
coarse-scale fluxes on the face, f c, from these local
fine-scale solutions through averaging and integra-
tion, respectively.

4. Solve the optimization problem Eq. 4 with the con-
straints in Eq. 5 to compute VCMP transmissibility
vectors, t = [t1, t2, ..., t6]T . In the rare case that the
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optimization problem cannot be solved, we simply
use two-point flux solutions, described in Eq. 2, as
substitutes.

5. Once transmissibilities are determined for each
coarse-grid face, solve the coarse-scale pres-
sure equation. Check if the pressure solution is
monotone and apply the M-fix if necessary.

3 Global and iterative global upscaling methods

Global upscaling approaches use a fine-scale global
solution to determine transmissibilities for coarse-scale
faces. They generally provide better upscaling accuracy
than (extended) local methods because connectivities
at scales larger than the (extended) local regions are
now included in the transmissibility calculations. The
price to pay for this increased accuracy is the global
solution on the geocellular grid. As compared to the
full multiphase reservoir simulation, however, the com-
putational costs associated with this solution may be
acceptable.

In direct global upscaling with the TPFA, which
we refer to as TPFA-DG, a fine-scale flow problem
is solved over a global region. The imposed boundary
conditions may be either generic (e.g., p = 1 at the
left boundary, p = 0 at the right boundary, no-flow
elsewhere) or they may mimic those to be used in
the eventual multiphase flow simulations. Following
the flow solution, the coarse-scale transmissibilities are
calculated directly from Eq. 2. This approach does not
guarantee that all T ∗ will be positive, and in the general
case, some number of negative T ∗ will occur. When
a T ∗ < 0 is observed, we replace it with T ∗ computed
using the TPFA-EL method. This replacement of nega-
tive transmissibilities, however, acts to reduce upscaling
accuracy. If there are very few (or zero) negative T ∗,
TPFA-DG tends to give highly accurate approxima-
tions to the averaged fine-scale solutions.

Other strategies also exist for eliminating negative
transmissibilities, and these can provide better accuracy
than the use of TPFA-EL. One such approach, referred
to as TPFA-iterative global (TPFA-IG), iteratively ad-
justs the T∗ from TPFA-DG using global coarse-scale
solutions [6]. The goal of TPFA-IG is to match the
fluxes from the global fine-scale reference solution.
Designating the integrated global fine-scale flux for a
particular coarse-scale interface as fG, TPFA-IG com-
putes the upscaled transmissibility for this interface at
the next iteration as

(
T∗)ν+1 = fG(

pc
1

)ν − (
pc

2

)ν , (11)

where
(

pc
1

)ν and
(

pc
2

)ν represent the coarse-block pres-
sures in the two cells sharing the target interface at
the previous iteration (ν). TPFA-IG can provide highly
accurate flux approximations, but some accuracy in the
coarse-scale pressure is generally lost in the iterative
process, as the goal of the procedure is to match fluxes,
not pressures.

As indicated earlier, previous global transmissibility
upscaling procedures rely on TPFA approximations.
Our goal here is to incorporate MPFA (specifically,
VCMP) into global upscaling. This should lead to better
accuracy, particularly in cases with strong full-tensor
effects. Here, we propose two new algorithms that gen-
eralize their TPFA counterparts: VCMP-direct global
(VCMP-DG) and VCMP-iterative global (VCMP-IG).
Although the methods vary in terms of computational
cost, coding effort, and accuracy, both are suitable
for upscaling of heterogeneous permeability fields with
full-tensor anisotropy.

As discussed in Section 2.3, VCMP requires two flow
solutions. In our first implementation of VCMP with
global flow information, we used two fine-scale global
flows with generic boundary conditions: one with a
linear pressure drop in the x direction and one with
a pressure drop in the y direction. However, we ob-
served that, in some cases, these two global flows did
not provide sufficiently dissimilar local flows. This is
especially true in strongly channelized systems. Also,
the transmissibilities computed in this way did not lead
to high accuracy for flow problems driven by other
global boundary conditions. In our current implemen-
tation, we first perform a single global fine-scale flow
simulation (the boundary conditions used for this so-
lution could correspond to those to be used for the
eventual multiphase flow simulations). For each coarse
face, we then choose a complementary local fine-scale
flow. This local flow is driven by a pressure gradient that
is approximately orthogonal to the pressure gradient
imposed by the global flow. The two flows thus provide
complementary information that is used to construct
the VCMP stencil. The VCMP-DG and VCMP-IG al-
gorithms are outlined below.

3.1 Algorithm for VCMP-DG

Combining direct global upscaling with VCMP leads to
the following algorithm:

1. Solve a global fine-scale flow problem with speci-
fied boundary conditions. Determine coarse-scale
pressure, pG, and flux, fG.

2. For each face of a coarse-scale grid, calculate
the averaged pressure gradients, [∂pG/∂x, ∂pG/∂y],
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across the extended region. Select a complemen-
tary local fine-scale flow with pressure gradients
[∂pL/∂x, ∂pL/∂y] = [−∂pG/∂y, ∂pG/∂x], and solve
it. Determine coarse-scale pL and fL.

3. Solve the optimization problem Eq. 4 honoring
the two flows (pG and fG, pL and fL), with the
constraints in Eq. 5, to find the VCMP transmis-
sibility, t = [t1, t2, ..., t6]T . In the rare case that the
optimization problem cannot be solved, we use
the transmissibility from a VCMP-EL method as a
substitute.

4. Check if the pressure solution is monotone. If not,
find the wrongly signed elements in A and re-
compute the transmissibilities across the contribut-
ing faces using the additional M-fix constraints in
Eq. 10.

3.2 Algorithm for VCMP-IG

In VCMP-IG, we combine VCMP with the iterative
global upscaling method introduced in [6]. We itera-
tively adjust the transmissibility coefficients resulting
from a VCMP-DG step to improve the match between
the fluxes from the coarse scale solution and the global
fine-scale reference solution. The approach is analo-
gous to TPFA-IG Eq. 11. As in TPFA-IG, we expect
that VCMP-IG leads to improved flux approximations.
However, during the iterative adjustment of the fluxes,
the accuracy in the pressure solution may reduce, as is
often the case in TPFA-IG.

The complete VCMP-IG algorithm is given by

1. Solve a global fine-scale flow problem with spec-
ified boundary conditions. Compute the coarse-
scale pressure, p0

G, and flux, fG, to be used in the
transmissibility calculations. Here, fG is the global
reference solution that VCMP-IG pursues by ad-
justing coarse-scale transmissibilities.
Set the iteration number ν = 0.

2. For each face of a coarse-scale grid, solve a local
fine-scale flow complementary to the global flow,
as described in step 2 of the VCMP-DG algorithm.
The solution of this local flow is denoted as pν

L
and f ν

L.
3. Solve the optimization problem Eq. 4 honoring the

two flows (pν
G and fG, pν

L and f ν
L), with the con-

straints in Eq. 5, to find the VCMP transmissibility,
tν+1 = [tν+1

1 , tν+1
2 , ..., tν+1

6 ]T . When the optimization
problem cannot be solved, tν+1 is replaced by the
transmissibility from the last iteration tν . For the
initial step ν = 0, t0 is calculated from a VCMP-EL
method.

4. Check if the pressure solution is monotone. If not,
find the wrongly signed elements in A and obtain
the recomputed transmissibilities, tν+1, across the
contributing faces using the additional M-fix con-
straints in Eq. 10.

5. Using tν+1, solve global coarse-scale flow problems,
with the same specified boundary conditions as
used in step 1, to obtain a coarse-scale pressure
solution, and assign it to pν+1

G .
6. If not converged, set ν = ν + 1 and iterate through

steps 2–5.

The convergence criteria are based on the difference
between the VCMP-IG solution and the reference fine-
scale solution or the change in the VCMP-IG solution
between iterations. For the results shown in Section 4,
the following criterion is used. We stop the iteration if

max

(
‖ pν

G − pν−1
G ‖2

‖ pν
G ‖2

,
| Qν − Qν−1 |

| Qν |

)

≤ 0.01, (12)

where ν is an iteration counter, Q is the total flow rate
at the boundary from the coarse-scale model, and pG

is coarse-scale pressure. In most cases, it takes three
to five iterations to converge. Fast error reduction is
achieved in the initial two iterations. Since iterative
global upscaling methods are designed to enhance accu-
racy in fluxes (while usually resulting in accuracy reduc-
tion in pressures), different convergence criteria can be
chosen depending on the choice of error tolerance for
fluxes and pressures.

VCMP global upscaling methods are similar to
VCMP-EL except for the flow problems to be honored.
VCMP global methods use one global flow and one
complementary local flow, while VCMP-EL uses two
generic local flows. The parameter α, introduced in
Eq. 4, is defined differently for the local vs global meth-
ods. For VCMP-EL, the two local flows are weighted
based on their flow rates. In VCMP-DG and VCMP-
IG, αG = n × | fL/ fG| and αL = 1 such that the global
flow is honored more than the local flow. Here, n is a
number between one (weighting the global and local
flows equally in the optimization procedure) and infin-
ity (only using the global flow), which can be tuned for
different geologies. Large values of n give high accuracy
for the global flow used to compute upscaled trans-
missibility, while small values of n provide more ro-
bustness in the upscaled model as the resulting VCMP
transmissibility takes into account the two dissimilar
flows equally in the optimization procedure. Results
are not highly sensitive to n, though this parameter
can have an impact on accuracy. In the results below,
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for log-normally distributed permeability fields, we use
n = 5, and for channelized models, we use n = 20. Even
though this weights the global flow much more than
the local complementary flow, the resulting solutions
from VCMP global methods were found to be more
robust than TPFA global methods due to the extra
information provided by the local flow and the flexible
multipoint character of VCMP.

4 Numerical results

We now test the performance of the existing and
newly proposed local and global upscaling methods on
a range of examples on both Cartesian and irregular
structured grids.

4.1 Test suite

Our test suite consists of two types of fine-scale perme-
ability fields:

– Twenty-five realizations of log-normally distrib-
uted permeability fields, generated by sequential
Gaussian simulation [8]. All log-normal cases have
dimension 100 × 100 on a unit square. The dimen-
sionless correlation lengths are λ1 = 0.5 and λ2 =
0.02. The variance of log k is 3.0 and the mean is
also 3.0. The direction of the long correlation is
misaligned with the grid with an angle θ , relative to
the x axis. This misalignment results in permeability
anisotropy in the coarse-scale model, meaning that
full-tensor effects are expected to be important
when θ differs appreciably from zero. Here, we use
θ = 30◦. Figure 4a shows a typical realization. All
realizations are upscaled to 10 × 10 coarse grids
that are either Cartesian or general quadrilateral
grids. We additionally investigated the process de-
pendency of the various upscaling methods.

– Fifty channelized layers from the SPE 10 Compar-
ative Solution Project [7]. The permeability field of
a typical channelized layer is presented in Fig. 4b.
The fine grids are of dimension 220 × 60, with �x =
10 and �y = 20. The models are upscaled to 22 × 6
coarse grids that are either Cartesian or general
quadrilateral grids.

On these fields, we apply all VCMP type methods
(VCMP-EL, VCMP-DG, and VCMP-IG) and their
TPFA analogs (TPFA-EL, TPFA-DG, and TPFA-IG).
The size of the border regions used in TPFA-EL is as
shown in Fig. 1. The border regions for VCMP-EL are
the same so the results are directly comparable.

(a) Log normal permeability

(b) Channelized permeability

Fig. 4 Fine-scale permeability fields and random grids for
a log-normally distributed permeability realization with corre-
lation lengths λ1 = 0.5 and λ2 = 0.02 and a layering orientation
angle θ = 30◦ and b channelized layer (layer 44 from SPE 10)

We consider both uniform Cartesian grids and ir-
regular grids. Starting with a uniform grid with node
spacings �xc and �yc, the coarse irregular grids are
generated by perturbing each node in the x direction by
ξ�xc and in the y direction by ξ�yc, where ξ is a ran-
dom number within [−0.3, 0.3]. The boundary nodes
are limited to move in only one direction. Examples of
these grids are illustrated in Fig. 4. When these grids are
applied, a different random grid is generated for each
permeability realization.

For each permeability field and each grid, we solve
the pressure equation with four sets of boundary
conditions:

– Constant pressure/no-flow boundary conditions in
the x and y directions, respectively. For the x
direction flow, we set p(0, y) = 1, p(Lx, y) = 0, and
uy(x, 0) = uy(x, Ly) = 0. For the y direction flow,
we set p(x, 0) = 1, p(x, Ly) = 0, and ux(0, y) =
ux(Lx, y) = 0. Here, Lx and Ly designate system
lengths.

– Corner-to-corner flows. For example, for flow
from the lower-left corner to the upper-right cor-
ner of a log-normal permeability field, we pre-
scribe p = 1 for 0 ≤ y/Ly ≤ 0.2, x = 0 and 0 ≤
x/Lx ≤ 0.2, y = 0; p = 0 for 0.8 ≤ y/Ly ≤ 1, x =
Lx and 0.8 ≤ x/Lx ≤ 1, y = Ly; and no-flow con-
ditions elsewhere. This boundary condition is also
called “along layering” flow because it is aligned
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Table 1 Relative errors for total flow rate, EQ, using various upscaling methods for 25 realizations of log-normal permeability fields,
on 10 × 10 Cartesian grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x direction 0.103 0.047 0.057 0.00003 0.0006 0.00003
In y direction 0.084 0.016 0.030 0.0002 0.0003 0.0002
Along layering 0.434 0.139 0.044 0.002 0.0001 0.001
Across layering 0.241 0.060 0.019 0.0001 0.0001 0.0001

with the layer orientation of the log-normally dis-
tributed permeability fields. The boundary condi-
tions for flow from the upper-left corner to the
lower-right corner are defined similarly. This is
called “across layering” flow. For channelized lay-
ers, we define “along layering” and “across layer-
ing” flows similarly, except that we fix pressure over
two coarse-scale cells instead of the x and y ranges
given above.

A variant on lower-left to upper-right flow is in-
troduced to assess process dependency. For this case,
we prescribe p = 1 for 0 ≤ y/Ly ≤ 0.5, x = 0; p = 0 for
0.5 ≤ y/Ly ≤ 1, x = Lx; and no-flow conditions else-
where. This scenario is referred to as “corner flow” and
is used on log-normal permeability models.

Unless otherwise stated, in the tables below, we
report the average relative errors for total flow rate
through the system (EQ) and L2 flux and pressure
errors (E f and Ep) for the upscaled models averaged
over all realizations. All errors are computed relative
to the reference fine-scale solutions. The errors are
defined as:

EQ = |Q − Qref|
|Qref| , E f = ‖ f − fref‖2

‖ fref‖2
,

Ep = ‖p − pref‖2

‖pref‖2
, (13)

where Q, f , and p designate the coarse-scale solu-
tions and Qref, fref, and pref are analogous quantities
computed from the fine-scale solutions. Specifically,
fref is obtained by integrating fine-scale fluxes along
the face of each coarse cell and pref is computed as
the area-weighted average of the fine-scale pressures
corresponding to each coarse cell.

All results shown below are computed with the se-
lective M-fix, unless otherwise stated. A comparison of
the original M-fix with the selective M-fix is shown in
Section 4.2.3.

4.2 Log-normal permeability fields

We now present detailed upscaling results for log-
normal permeability fields on Cartesian and irregular
grids. VCMP-EL has already been demonstrated to be
a promising approach for upscaling on Cartesian grids
by Lambers et al. [22]. Here, we include the results
of VCMP-EL and TPFA-EL for completeness, though
our emphasis is on the new upscaling strategies, VCMP-
DG and VCMP-IG, and their performance relative to
TPFA-DG and TPFA-IG.

4.2.1 Results for cartesian grids

Tables 1, 2, and 3 display the mean errors in the total
flow rate, flux, and pressure, respectively, using various
upscaling methods for 25 realizations of the log-normal
permeability fields with θ = 30◦. Results are reported
for four sets of boundary conditions. We note first
that TPFA-EL displays large errors, particularly for
flow rate and flux, and these are reduced significantly
through the use of VCMP-EL. This is consistent with
the results reported by Lambers et al. [22]. Note that
the VCMP results in Lambers et al. [22] may have un-
physical oscillations because the monotonicity fix was
not applied, while all results presented in this paper are
oscillation-free thanks to the use of the full M-fix or
selective M-fix.

Next, we compare VCMP global upscaling methods
to their TPFA counterparts. We observe that VCMP-
DG provides improvement over TPFA-DG for all

Table 2 L2 flux errors, E f , using various upscaling methods for 25 realizations of log-normal permeability fields, on 10 × 10 Cartesian
grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.433 0.064 0.379 0.0003 0.026 0.0003
In y-direction 0.437 0.106 0.377 0.0009 0.026 0.0008
Along layering 0.519 0.236 0.204 0.010 0.007 0.005
Across layering 0.369 0.186 0.213 0.0004 0.016 0.0004
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Table 3 L2 pressure errors, Ep, using various upscaling methods for 25 realizations of log-normal permeability fields, on 10 × 10
Cartesian grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.133 0.012 0.120 0.00004 0.165 0.0001
In y-direction 0.121 0.013 0.098 0.0001 0.130 0.0003
Along layering 0.113 0.074 0.063 0.004 0.074 0.012
Across layering 0.069 0.035 0.027 0.0001 0.038 0.0002

quantities considered. In particular, VCMP-DG gives
much more accurate results for flux and pressure than
TPFA-DG, as indicated by the very small E f (Table 2)
and Ep (Table 3) values for all four boundary
conditions.

TPFA-IG gives low errors for total flow rate and flux,
though the flow rate and flux errors using VCMP-IG
are generally even smaller. The pressure errors using
TPFA-IG are larger than the pressure errors using
TPFA-DG. This is as expected because, during the
iterations, flux errors are minimized at the expense of
pressure errors. Pressure errors using TPFA-IG are sig-
nificant for x-direction and y-direction flows (Ep=0.165
and 0.130, respectively). These errors essentially vanish
after applying VCMP-IG.

Because of the strong anisotropy in the coarse-scale
models, which results from the oriented layering in
the fine-scale permeability fields, accurate full-tensor
upscaling is important for this case. For this reason,
VCMP methods consistently outperform their TPFA
analogs.

Among the VCMP-type methods, VCMP-EL shows
the largest errors in total flow rate, local flux, and lo-
cal pressure. VCMP-DG and VCMP-IG both improve
upon VCMP-EL because they incorporate global flow
information in the upscaling process. VCMP-IG re-

duces the L2 flux errors associated with VCMP-DG but
leads to larger errors in pressure, as expected. Overall,
both VCMP-DG and VCMP-IG give small errors in
both flux and pressure (E f ≤ 0.010 and Ep ≤ 0.012).

The L2 flux errors presented in the tables above
represent averages of all of the flux errors in a par-
ticular model (and the subsequent average over all
25 realizations). We now present face-by-face compar-
isons of flux for particular models. In Fig. 5, we plot
coarse-scale fluxes vs integrated fine-scale fluxes for x-
direction flows for two layers. We compare results using
TPFA-DG (represented by plus signs) and VCMP-DG
(represented by circles). Figure 5a is for the layer with
the largest L2 flux error using TPFA-DG and Fig. 5b
is for the layer with L2 flux error nearest the average
value reported in Table 2. The improvement resulting
from VCMP-DG, and the high level of accuracy of the
VCMP-DG results, are clearly evident in both cases.

We next illustrate the performance of TPFA-IG
and VCMP-IG through visualization of the coarse-
scale pressure solutions. Again, we consider worst-case
(Fig. 6) and typical (Fig. 7) scenarios. The fine-scale
results are averaged onto the coarse grid for easier
comparison. Significant improvement using VCMP-IG
is clearly evident in Fig. 6, where it is apparent that
TPFA-IG is not able to accurately capture the effects of

Fig. 5 Comparison of
integrated fine-scale flux and
coarse-scale flux (x-direction
flow, Cartesian grids) (a, b)

(a) Realization with the largest flux error using
TPFA-DG

(b) A typical realization
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Fig. 6 Pressure fields for the
realization with the largest
pressure error using
TPFA-IG (x-direction flow,
Cartesian grids) (a–c)

(a) Averaged fine-scale pressure (b) Coarse pressure from TPFA-IG

(c) Coarse pressure from VCMP-IG

anisotropy. Improvement can also be observed in Fig. 7,
where TPFA-IG again appears limited in representing
oriented pressure contours. These results, along with
those in Fig. 5, demonstrate that the global VCMP
methods are indeed well suited for the accurate mod-
eling of coarse systems with strong full-tensor effects.

TPFA-DG and TPFA-IG were designed for use with
global flows identical or very similar to the flow used
to generate the upscaled model. In Gerritsen et al. [15]
and Lambers et al. [22], VCMP-EL was shown to per-
form robustly also for flows different from the generic
flows used in the upscaling procedure. Here, we assess
the level of robustness of the various methods, which is
useful as the methods may be applied within workflows
where it is difficult to update the upscaled model as
flow rates or well conditions change. We generate the
upscaled model using global x-direction flow. Results
are presented for VCMP-DG, TPFA-DG, TPFA-IG,
and VCMP-EL methods (for VCMP-EL, the usual
generic local flows are used in the upscaling) for three
additional flows.

Results for flux and pressure errors are presented
in Tables 4 and 5. Except for TPFA-IG for the case
of x-direction flow (which was used to generate the

TPFA T∗), the TPFA methods generally result in sig-
nificant flux errors. VCMP-DG provides results that are
consistently more accurate than TPFA-IG and TPFA-
DG (except for TPFA-IG flux for x-direction flow) and
gives results that are generally comparable to VCMP-
EL. This suggests that, unlike the TPFA methods,
the robustness of VCMP-DG is comparable to that of
VCMP-EL, which is one of the best EL methods. Sim-
ilar observations hold for the pressure errors, though
here, the errors using TPFA methods are not as large
as they are for flux. The enhanced robustness of VCMP-
DG relative to the TPFA methods is likely due in part
to the fact that we use a complementary local flow
problem in the determination of the upscaled transmis-
sibilities in VCMP, which enables the upscaled model
to capture effects that do not appear in the global flow,
but also to its flexible multipoint character.

4.2.2 Results for irregular grids

We now demonstrate the performance of the various
upscaling techniques on irregular grids. As described
above, these grids are generated by randomly perturb-
ing the nodes on uniform grids. Errors for flux and
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Fig. 7 Pressure fields for a
typical realization
(x-direction flow, Cartesian
grids) (a–c)

(a) Averaged fine-scale pressure (b) Coarse pressure from TPFA-IG

(c)  Coarse pressure from VCMP-IG

pressure are presented in Tables 6 and 7. Note that
VCMP-EL has not been applied previously to irregular
grids, so these results are also of interest.

The results for the irregular grids are very compa-
rable to those for uniform grids (compare Tables 2
and 3). VCMP-EL consistently provides better accu-
racy for flux and pressure than TPFA-EL. For the
global methods, TPFA-DG does not provide high ac-
curacy for flux, though errors are quite small using the
other three global methods. For pressure, the error us-
ing TPFA-IG is significant for x- and y-direction flows.
This error is essentially eliminated using the global
VCMP methods. Thus, in accordance with the uniform
grid results, we see that the global TPFA methods are
unable to consistently provide high degrees of accuracy
for both flux and pressure for these anisotropic systems.

Global VCMP methods, by contrast, are designed to
capture full-tensor effects and are therefore able to
provide high accuracy for both flux and pressure.

4.2.3 Accuracy using M-fix and selective M-fix

As discussed in Section 2.3, the full M-fix procedure
is a sufficient but not necessary condition to give a
monotone pressure solution. In the results presented in
this paper, we use a selective M-fix, that is, we apply
the M-fix only when a nonmonotone pressure solution
is found. We show here that, in some cases, the full M-
fix can affect solution accuracy. Table 8 compares flow
results for VCMP-EL and VCMP-DG upscaling with
M-fix and selective M-fix techniques for log-normal
permeability fields. The total flow rate, L2 flux, and L2

Table 4 Robustness test: upscaled transmissibility from flow in the x direction

Corner VCMP-EL TPFA-DG TPFA-IG VCMP-DG

In x-direction 0.072 0.379 0.026 0.033
In y-direction 0.135 0.716 1.965 0.294
Corner flow 0.112 0.407 0.279 0.097
Along layering 0.236 0.473 0.817 0.242

L2 flux errors, E f , using various upscaling methods for 25 realizations of log-normal permeability fields, on 10 × 10 Cartesian grids
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Table 5 Robustness test: upscaled transmissibility from flow in the x direction

Corner VCMP-EL TPFA-DG TPFA-IG VCMP-DG

In x-direction 0.014 0.120 0.165 0.009
In y-direction 0.021 0.169 0.254 0.046
Corner flow 0.070 0.144 0.153 0.041
Along layering 0.076 0.221 0.349 0.097

L2 pressure errors, Ep, using various upscaling methods for 25 realizations of log-normal permeability fields, on 10 × 10 Cartesian grids

pressure errors are averaged over 25 realizations. These
results are for flow in the y direction. It is evident that
reductions in all three errors are achieved when the
selective M-fix (designated “smfix” in the table) is used
in place of the full M-fix (designated “mfix”). This is the
case for both the VCMP-EL and VCMP-DG methods,
though the improvement is more dramatic for the DG
case (for which all three errors are less than 0.1%). We
reiterate that, although the A matrix generated using
the selective M-fix is not an M-matrix, the pressure
solution computed by solving Ap = b is nonetheless,
in all cases, monotonic.

The improvement offered through use of the selec-
tive M-fix is, however, not always as significant. Table 9,
for example, shows y-direction flow through 50 chan-
nelized layers (considered in the next section) for which
case the selective M-fix offers almost no improvement
when used with VCMP-EL. Improvement with VCMP-
DG, although noticeable, is fairly modest. The limited
impact in this case is likely because tensor effects are
not very important for these channelized models, so the
results are fairly insensitive to the M-fix treatment.

4.3 Channelized permeability fields

We now consider the 50 channelized layers from the
SPE 10 model. These correspond to the lower 50 layers
of the 85 total layers contained in SPE 10. We consider
both uniform and irregular grids. In all cases, we up-
scale the 220 × 60 fine models to 22 × 6 coarse models.

4.3.1 Results for cartesian grids

Table 10 presents the mean errors in total flow rate
using various upscaling methods for the 50 layers.
Tables 11 and 12 show L2 flux and pressure errors.

Both VCMP-DG and VCMP-IG provide high degrees
of accuracy for all quantities. For this case, TPFA-IG
also provides results of reasonably high accuracy for
all quantities including pressure (though pressure error
for y-direction flow is 0.086). Pressure errors using
TPFA-IG are generally smaller in this case than for the
oriented layer case considered above. This is probably
because this channelized system does not display strong
anisotropy. Indeed, in over 70% of the domain, the
maximum of t3, t4, t5, and t6 (see Eq. 3) is less than
10% of the maximum of t1 and t2. Thus, a good TPFA
method such as TPFA-IG is able to capture both flux
and pressure reasonably well in this case. Results for
flux and pressure using VCMP-IG are, however, in all
cases, more accurate than those using TPFA-IG. For
the EL methods, VCMP-EL is generally more accurate
than TPFA-EL for this system.

4.3.2 Results for irregular grids

The flux and pressure errors for the various upscal-
ing methods for the 50 channelized layers of SPE 10
on random coarse grids are presented in Tables 13
and 14. VCMP-DG reduces the L2 flux errors from
TPFA-DG significantly, as shown in Table 13. VCMP-
IG and TPFA-IG give results that are accurate and
generally quite comparable. It appears that, even with
irregular grids, the full-tensor effects for this case are
not that significant, which enables TPFA-IG to provide
accurate results. This is likely because the average ori-
entation of the grids is still more or less flow-aligned.
As clearly shown for the non aligned permeability fields
in the previous subsection, the accuracy of TPFA-IG
decreases when the full-tensor effects are stronger.

In contrast to the results on uniform grids, VCMP-
EL with the selective M-fix provides low accuracy in

Table 6 L2 flux errors, E f , using various upscaling methods for 25 realizations of log-normal permeability fields, on 10 × 10 random
grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.450 0.059 0.310 0.004 0.015 0.003
In y-direction 0.434 0.109 0.353 0.008 0.017 0.001
Along layering 0.531 0.232 0.156 0.026 0.002 0.010
Across layering 0.372 0.204 0.283 0.0007 0.019 0.0007
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Table 7 L2 pressure errors, Ep, using various upscaling methods for 25 realizations of log-normal permeability fields, on 10 × 10
random grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.132 0.013 0.098 0.0007 0.131 0.003
In y-direction 0.120 0.014 0.090 0.0005 0.115 0.001
Along layering 0.116 0.077 0.052 0.009 0.062 0.020
Across layering 0.070 0.044 0.036 0.0001 0.044 0.0006

Table 8 Flow results using VCMP-EL or VCMP-DG with full M-fix or selective M-fix, for 25 realizations of log-normal permeability
fields, on Cartesian grids, with flow in the y direction

Errors VCMP-EL-mfix VCMP-EL-smfix VCMP-DG-mfix VCMP-DG-smfix

EQ 0.138 0.016 0.092 0.0002
E f 0.289 0.106 0.203 0.0009
Ep 0.065 0.013 0.054 0.0001

Table 9 Flow results using VCMP-EL or VCMP-DG with full M-fix or selective M-fix, for 50 realizations of SPE 10 permeability fields,
on Cartesian grids, with flow in the y direction

Errors VCMP-EL-mfix VCMP-EL-smfix VCMP-DG-mfix VCMP-DG-smfix

EQ 0.123 0.122 0.020 0.008
E f 0.348 0.343 0.127 0.068
Ep 0.090 0.089 0.042 0.022

Table 10 Relative errors for total flow rate, EQ, using various upscaling methods for 50 channelized layers of SPE 10, on 22 × 6
Cartesian grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.204 0.025 0.038 0.005 0.001 0.002
In y-direction 0.158 0.122 0.045 0.008 0.004 0.001
Along layering 0.309 0.242 0.016 0.011 0.001 0.001
Across layering 0.313 0.236 0.029 0.012 0.001 0.002

Table 11 L2 flux errors, E f , using various upscaling methods for 50 channelized layers of SPE 10, on 22 × 6 Cartesian grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.368 0.090 0.190 0.021 0.024 0.009
In y-direction 0.417 0.343 0.255 0.068 0.053 0.015
Along layering 0.484 0.369 0.195 0.052 0.033 0.013
Across layering 0.472 0.375 0.196 0.035 0.019 0.009

Table 12 L2 pressure errors, Ep, using various upscaling methods for 50 channelized layers of SPE 10, on 22 × 6 Cartesian grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.086 0.028 0.043 0.008 0.046 0.020
In y-direction 0.087 0.089 0.074 0.022 0.086 0.035
Along layering 0.212 0.171 0.037 0.013 0.040 0.020
Across layering 0.200 0.103 0.039 0.010 0.046 0.021

Table 13 L2 flux errors, E f , using various upscaling methods for 50 channelized layers of SPE 10, on 22 × 6 random grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.433 0.099 0.183 0.045 0.013 0.019
In y-direction 0.478 0.881 0.342 0.095 0.065 0.023
Along layering 0.551 0.387 0.238 0.100 0.029 0.031
Across layering 0.515 0.768 0.205 0.079 0.018 0.026
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Table 14 L2 pressure errors, Ep, using various upscaling methods for 50 channelized layers of SPE 10, on 22 × 6 random grids

Flow TPFA-EL VCMP-EL TPFA-DG VCMP-DG TPFA-IG VCMP-IG

In x-direction 0.078 0.027 0.030 0.012 0.036 0.034
In y-direction 0.101 0.109 0.080 0.031 0.095 0.051
Along layering 0.227 0.182 0.040 0.026 0.051 0.045
Across layering 0.207 0.107 0.034 0.023 0.042 0.047

some cases, particularly for the y-direction flow and
across layering flow. The values reported in the tables
are strongly impacted by two low-flow layers, which dis-
play large errors. Eliminating these two layers, VCMP-
EL is seen to provide better accuracy for flux than
TPFA-EL (see Table 15).

5 Discussion

We demonstrated the significant improvements offered
by global VCMP methods over their TPFA counter-
parts. Here, we note some additional cases that were
simulated, provide some general observations, and of-
fer some suggestions for future developments.

In addition to the extensive numerical results pre-
sented in Section 4, we also simulated several other
example cases. These include log-normally distributed
permeability fields with the layering oriented at 45◦
(rather than 30◦ as in the examples in Section 4) and
oriented-layer cases in which the fine-scale 100 × 100
model was coarsened to 5 × 20 rather than 10 × 10. In
both instances, results comparable to those presented
in Section 4 for θ = 30◦ with 10 × 10 coarse grids were
obtained (Tables 1, 2, and 3). We also evaluated the
level of robustness of the upscaled channelized models
(on Cartesian and random grids) and achieved results
qualitatively similar to those presented in our assess-
ment of the robustness of the oriented-layer systems
(Tables 4 and 5). These observations further strengthen
our findings and suggest that global VCMP methods
will be broadly applicable.

Our results demonstrate very clear advantages of
VCMP-DG over TPFA-DG. In typical cases, the accu-
racy of VCMP-DG is such that iteration on the result-
ing transmissibilities is really not necessary; i.e., there

is often not much need to perform VCMP-IG. The
same cannot be said for TPFA-DG, which often results
in significant error, so TPFA-IG is generally required.
When VCMP-IG is applied, the iteration procedure
is designed to force agreement only in fluxes. As a
result, the pressure error generally increases. The flex-
ibility of VCMP makes it possible, however, to devise
a modified VCMP-IG procedure in which the objective
of the iterations is to minimize error in both pressure
and flux. The resulting coarse-scale model could then
potentially provide even more accurate pressures than
are currently achieved.

A number of other extensions and investigations
could be considered in future work. These include an
assessment of the sensitivity of the coarse-scale results
to the size of the border region (we note that Wen
et al. [30] demonstrated high levels of accuracy with
very small border regions) and the incorporation of
near-well treatments into the coarse model [4]. Testing
on more extreme (high aspect ratio) grids will also
be of interest. It will additionally be useful to im-
prove our selective M-fix procedure. This will likely
require the development of necessary conditions on the
A matrix (short of the M-matrix requirement), which
guarantee solution monotonicity. Finally, we note that
extension of the methods to three dimensions is rela-
tively straightforward. VCMP-EL and the M-fix were
recently extended to three dimensions on Cartesian and
adapted Cartesian grids [21].

6 Conclusions

In this paper, we developed and applied new upscaling
procedures that are suitable for the accurate repre-
sentation of general anisotropy (full-tensor effects) in

Table 15 L2 flux and pressure errors, using TPFA-EL and VCMP-EL for 48 of the 50 channelized layers of SPE 10, on 22 × 6
random grids

Flow E f Ep

TPFA-EL VCMP-EL TPFA-EL VCMP-EL

In x-direction 0.438 0.099 0.077 0.026
In y-direction 0.476 0.295 0.101 0.106
Along layering 0.545 0.377 0.231 0.182
Across layering 0.517 0.282 0.214 0.102
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coarse-scale simulation models. These approaches are
based on the previously developed VCMP flux approx-
imation technique. Two important new features were
introduced in this paper: the coupling of VCMP with
global flow information and the extension of VCMP
procedures to irregular quadrilateral grids. A selec-
tive M-fix procedure, which enforces the M-matrix
property in the upscaled coefficient matrix only when
it is necessary to achieve monotone pressure solu-
tions, was also introduced. Our specific conclusions are
as follows:

– The incorporation of global flow information into
VCMP procedures was shown to provide high de-
grees of accuracy for both pressure and flux. Two
variants, the direct global (VCMP-DG) and the
iterated global (VCMP-IG) methods, were intro-
duced. For the oriented-layer fine-scale models, in
which case the coarse models display significant
full-tensor character, the global VCMP methods
provided clear improvement relative to their TPFA
counterparts (e.g., pressure errors of 4–16% re-
duced to 1% or less).

– The global VCMP methods use a complementary
local flow in addition to a global flow in the determi-
nation of upscaled transmissibilities. As a result of
this, and the flexible multipoint character of VCMP,
these methods have some degree of robustness,
meaning they can often provide a good level of ac-
curacy when applied to flows with different bound-
ary conditions. Their accuracy for such cases was
shown to be comparable to that of an EL method
and much better than the TPFA-IG method.

– For channelized reservoir models, TPFA-IG per-
formed very well, and only minimal improvement
was provided by global VCMP methods. This is
likely because the channels are approximately ori-
ented with the grid, and full-tensor effects are not
important in this case. Thus, two-point methods
can accurately approximate both pressure and flux
in the coarse-scale model. Indeed, for these cases,
the transmissibility weights obtained by VCMP
were close to TPFA stencils for over 70% of the
domain.

– It is desirable to use the selective M-fix, that is,
to only update the coefficient matrix when non-
monotone pressure solutions are observed. In some
cases this improvement was slight, though in other
cases (VCMP-DG for log normal permeability
fields with θ = 30◦), the use of selective M-fix re-
duced the flow rate, flux, and pressure errors in the
upscaled model significantly (from 5–20% to 0.1%
or less).
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