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Recent Advancesin Krylov Subspace Spectral Methods
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This paper reviews the main properties, and most recentia@vents, of Krylov subspace spectral (KSS) methods for
time-dependent variable-coefficient PDE. These methoelsachniques developed by Golub and Meurant for approximati
elements of functions of matrices by Gaussian quadratutieeispectral domain in order to achieve high-order accuiracy
time and stability characteristic of implicit time-stepgischemes, even though KSS methods themselves are exfticit
fact, for certain problems, 1-node KSS methods are undondity stable. Furthermore, these methods are equivadent
high-order operator splittings, thus offering anotheispective for further analysis and enhancement.
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1 Introduction

Consider the initial-boundary value problem in one spaoeedision,

%(m,t) + L(xz, D)u(z,t) =0, 0<z<2m, >0, 1)
u(z,0) = f(z), 0<ax<2m, 2

with periodic boundary conditions, whelg(x, D) is a self-adjoint, positive semi-definite, variable-cagéint differential
operator. A class of methods for numerically solving prafdeof this form, called Krylov subspace spectral (KSS) mégho
was introduced in [1], [2]. These methods achieve high-caideuracy in time, and greater stability than explicit tistepping
methods. We review recent advances in the developmentsé thethods.

2 Krylov Subspace Spectral Methods

Let S(x, D;t) = exp[—L(x, D)t] represent the exact solution operator of the problem (J.),G&en the computed solution
u(zx,t,) at timet,,, KSS methods compute the solution at titne, by approximating the Fourier components that would be
obtained by applying the exact solution operatoiito, t,,). We briefly review how these methods work.

We discretize functions defined ¢ 27] on anN-point uniform grid with spacing = 2x/N. With this discretization,
the operatol(z, D) and the solution operatdf(z, D; At) can be approximated by x N matrices that represent linear
operators on the space of grid functions, and each Founepoaent can be approximated by a bilinear form

(W, tny1) ~ &Sy (At)u(ty,), (3)

where[é,.]; = —=¢™" [u(ty)]; = u(jh, t), andSy () = exp[~Lut], whereLy is a discretizatiorL(z, D).

In [3] Golub and Meurant describe a method for computing djtias of the formu® f(A)v, for a smooth functiory, by
approximating a Riemann-Stieltjes integral with measaseld on the spectral decomposition of the matriX he integral can
be approximated using Gaussian quadrature rules, whermttes and weights can be obtained using the Lanczos algorith
In the casa1 # v, there is the possibility that the weights may not be paosjtivhich destabilizes the quadrature rule (see [4]
for details). Therefore, it is best to handle this case byitewg the bilinear form using decompositions such as

1
u’ f(A)v = S’ f(A)(u+dv) —u” f(A)ul, (4)

whered is a small constant.

3 Propertiesand Recent Advances

3.1 Accuracy of KSSMethods

Employing these quadrature rules yields a simple algorifumdetails see [1], [2]) for computing the Fourier coefiats
of u(t,+1) fromu(t,). This algorithm has temporal accura@fAt>X), so for this reason very few nodes are needed in
practice.
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This order of accuracy can be compared to the accuracy axhlgvan algorithm described by Hochbruck and Lubich in
[5] for computinge”2tv for a given matrixA and vectorv using the unsymmetric Lanczos algorithm. For stiff prokdem
such as (1), (2), time-stepping using this approach yieldalitemporal error o (AtX), assuming d -dimensional Krylov
subspace.

The difference between KSS methods and the approach deddnlj5] is that in the former, a differedt’ -dimensional
Krylov subspace is used for each Fourier component, ingietite same subspace for all components as in the latter. s ca
be seen from numerical results comparing the two approanh@$, using the same subspace for all components causes a
loss of accuracy as the number of grid points increases,ealéfSS methods do not suffer from this phenomenon. In [6]
it was demonstrated how KSS methods can be applied to prehitehigher spatial dimensions with the same accuracy and
efficiency as in the one-dimensional case.

3.2 High-Order Splittings

It is shown in [7] that a9 — 0 in (4), KSS methods are revealed to be high-order operatibtirsgs “in disguise”. These
splittings have the form

K
exp[—L(z, D)t] = > Wi(z, D)e” PN — tVy(x, D)] (5)
k=1

where K is the number of quadrature nodes, and the operdig(s, D) and Wy («, D) are diagonal in the basis of trial
functions (e.g., a constant-coefficient operator whengiBourier series), witﬁ:kK:1 Wy(z, D) = I. The operator¥}, (z, D)
are obtained from directional derivatives of the nodes aeights in the direction of the solution from the previousdistep.
As shown in [7], these splittings facilitate stability aysik, which demonstrates that KSS methods represent a6béstth-
worlds” compromise between explicit and explicit timepgigng methods, as they are almost as stable as implicit rdstho
but like explicit methods, they do not require solution ofkasystems of equations.

3.3 TheWaveEquation

In [8], a variation of KSS methods was applied to variableftioient, second-order wave equations, achievinght*%)
accuracy when using &-node Gaussian rule to approximate each Fourier comporfanthermore, for such problems,
Dirichlet boundary conditions were used instead of thequici conditions that have been imposed throughout thispape
thus demonstrating the suitability of the method for “trirgtial-boundary value problems, as opposed to those vetiogic
boundary conditions. In [7], it is shown that if the leadir@gfficient of L(x, D) is constant and the zeroth-order coefficient
is sufficiently smooth, a KSS method witki = 1 is unconditionally stable, and 2nd-order convergent iretim

4 Summary

For both parabolic and hyperbolic variable-coefficient PBIESS methods compute Fourier components of the solution by
approximating directional derivatives of moments, whéeedirections are obtained from the solution from the presittme

step. By using the previous solution to perturb Krylov sdusgs, rather than generate them, these methods can compute a
approximation to each Fourier component that, in some sésnsgtimal for that component. As a result, each component
is computed with high-order accuracy in time, and, in theeaafssufficiently smooth coefficients, unconditional stiiis
achieved. Therefore, KSS methods represent a viable comigedetween the computational efficiency of explicit metho
and the stability of implicit methods.
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