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Abstract

This paper presents a reformulation of Krylov Subspace
Spectral (KSS) Methods, which use Gaussian quadrature in
the spectral domain compute high-order accurate approxi-
mate solutions to variable-coefficient time-dependent PDE.
This reformulation reveals that KSS methods are actually
high-order operator splittings that are defined implicitly, in
terms of derivatives of the nodes and weights of Gaussian
quadrature rules with respect to a parameter. We discuss
the application of these modified KSS methods to parabolic
and hyperbolic PDE, as well as systems of coupled PDE.

1 Introduction

Consider the initial-boundary value problem

∂u

∂t
(x, t) + L(x,D)u(x, t) = 0, 0 < x < 2π, t > 0, (1)

u(x, 0) = f(x), 0 < x < 2π, (2)

∗Department of Energy Resources Engineering, Stanford University, Stan-
ford, CA 94305-2220, USA

1



HIGH-ORDER SPLITTINGS USING MODIFIED MOMENTS 2

with periodic boundary conditions, where L(x,D) is a self-adjoint,
positive semi-definite, variable-coefficient differential operator. A
class of methods for numerically solving such problems, called Krylov
subspace spectral (KSS) methods, was introduced in [5]. These
methods achieve high-order accuracy in time, and greater stabil-
ity than explicit time-stepping methods. However, because these
methods approximate derivatives of bilinear forms using finite dif-
ferences, they are prone to numerical instability. In this paper, we
address this issue, and also demonstrate that the resulting modified
KSS methods are actually high-order operator splittings.

2 Krylov Subspace Spectral Methods

We discretize functions defined on [0, 2π] on an N -point uniform
grid with spacing h = 2π/N , and define tn = n∆t for some time
step ∆t. With this discretization, the operator L(x,D) can be
approximated by an N × N matrix LN that represents a linear
operator on the space of grid functions, and each Fourier component
of the solution can be approximated by a bilinear form

û(ω, tn+1) ≈ êHω SN(∆t)u(tn), (3)

where [êω]j = 1√
2π
eiωjh, [u(tn)]j = u(jh, tn), and SN(t) = exp[−LN t].

In [1] Golub and Meurant describe a method for computing
quantities of the form uTf(A)v, for a smooth function f , that uses
Gaussian quadrature to approximate a Riemann-Stieltjes integral
with measure based on the spectral decomposition of the matrix A.
The quadrature nodes and weights can be obtained using the Lanc-
zos algorithm. The case u 6= v requires the unsymmetric Lanczos
algorithm, which is subject to breakdown. This can be avoided by
rewriting the bilinear form using decompositions such as

uTf(A)v =
1

δ
[uTf(A)(u + δv)− uTf(A)u], (4)

where δ is a small constant.
Employing these quadrature rules yields a simple algorithm (for

details see [5]) for computing the Fourier coefficients of u(tn+1) from
u(tn). This algorithm has temporal accuracy O(∆t2K), so for this
reason very few nodes are needed in practice.
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Unfortunately, the difference quotient used to compute each
Fourier component of the solution can be numerically unstable if δ
is chosen too small, but this parameter must also be chosen small
enough to ensure stability of the quadrature rules. We will now ad-
dress this issue, and realize an additional benefit in the process: op-
erator splittings that are high-order accurate in time, and, though
explicit, possess favorable stability properties.

3 Reformulation

For a given δ, let λω,j and wω,j, j = 1, . . . , K, be the nodes and
weights of the K-point Gaussian rule obtained by applying the
unsymmetric Lanczos algorithm to LN with starting vectors êω and
(êω + δun). Then, letting δ → 0, we obtain

[ûn+1]ω =
K∑
j=1

wj,ωe
−λj,ω∆t

[
êHω un +

w′j,ω
wj,ω

−∆tλ′j,ω

]
(5)

where the ′ denotes differentiation with respect to δ, and evaluation
of the derivative at δ = 0. Efficient algorithms for obtaining the
derivatives of the nodes and weights are presented in [4].

By considering all Fourier components together, we find that
KSS methods are actually high-order operator splittings “in dis-
guise”. These splittings have the form

exp[−L∆t] ≈
K∑
k=1

Wke
−Ck∆t[I −∆tVk] (6)

where the operators Ck and Wk are diagonal in the basis of trial
functions (e.g., a constant-coefficient operator when using Fourier
series). In fact, their eigenvalues are the kth nodes and weights,
respectively. The operators Vk have the form

Vk = C ′k + ∆t−1W−1
k W ′

k (7)

where the Fourier components of C ′ku
n andW ′

ku
n are the derivatives

of the nodes and weights with respect to δ at δ = 0. Because
e−Ck∆t → I linearly as ∆t → 0, and

∑K
j=1Wk = I, it follows that

the terms in Vk of order O(∆t−1) cancel and pose no difficulty.
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As shown in [3], splittings such as this facilitate stability analysis
of KSS methods, and such analysis demonstrates that KSS meth-
ods represent a “best-of-both-worlds” compromise between implicit
and explicit time-stepping methods, as they possess the stability of
implicit methods, but like explicit methods, they do not require
solution of large systems of equations. However, unlike other split-
tings in the literature, the stages of the splitting (6) cannot easily
be described in terms of the coefficients of L. This is because they
are defined in terms of the nodes and weights of quadrature rules,
which do not have a simple relation to the recursion coefficients, as
they come from the eigenvalues and eigenvectors of Jacobi matrices.
Nevertheless, these splittings can still be implemented efficiently, as
the action of the operators Vk on a given grid function can be com-
puted from the derivatives of the nodes and weights.

4 Application to the Wave Equation

In this section we consider the problem

∂2u

∂t2
+ Lu = 0, (x, t) ∈ (0, 2π)× R, (8)

with periodic boundary conditions and the initial conditions

u(x, 0) = f(x), ut(x, 0) = g(x), x ∈ (0, 2π), (9)

where the operator L is as described in Section 1.
In [2], KSS methods were applied to this problem. Following

the reformulation presented in Section 3 for parabolic problems, we
obtain the new time-stepping scheme[

ûn+1

ûn+1
t

]
ω

=

(
K∑
k=1

wk

[
ck

1√
λk
sk

−
√
λksk ck

])[
ûn

ûnt

]
ω

+

K∑
k=1

[
ck

1√
λk
sk

−
√
λksk ck

] [
w′k
w̃′k

]
−

K∑
k=1

wkt

2
√
λk

[
sk − 1√

λk
ck√

λkck sk

] [
λ′k
λ̃′k

]
−

K∑
k=1

wk

[
0 1

2(λk)3/2 sk
1

2
√
λk
sk 0

][
λ′k
λ̃′k

]
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where ck = cos(
√
λkt), sk = sin(

√
λkt), and λ′k and w′k are the

derivatives of the nodes and weights, respectively, in the direction
of un, while λ̃′k and w̃′k are the derivatives in the direction of unt .

As in the previous section, by considering all Fourier compo-
nents together, we can write this scheme as a weighted sum of
operator splittings. For example, we have the approximation

cos(
√
L∆t) ≈

K∑
k=1

Wk

[
cos(

√
Ck∆t)(I +W−1

k W ′
k)−

1

2
∆tC

−1/2
k sin(

√
Ck∆t)C

′
k

]
, (10)

where Ck, Wk, C
′
k and W ′

k are as defined in Section 3.
As shown in [4], this new formulation has the same order of ac-

curacy as the original presented in [2]. Specifically, the error in each
Fourier component is O(∆t4K), where K is the number of nodes in
each Gaussian quadrature rule. Numerical results demonstrating
the accuracy, as well as the numerical stability, of reformulated
KSS methods for the wave equation are given in [4].

5 Systems of Coupled PDE

In [4], KSS methods were also applied to a system of n coupled
variable-coefficient PDE of the form ut + Lu, where u : [0, 2π] ×
[0,∞) → Rn for n > 1. The operator L is an n × n matrix where
the (i, j) entry is a differential operator Lij.

Generalization of KSS methods to such a system can proceed
as follows. For i, j = 1, . . . , n, let Lij be the constant-coefficient
operator obtained by averaging the coefficients of Lij over the spa-
tial domain. Then, for each wave number ω, we define L(ω) to be
the matrix with entries equal to the symbols of each Lij evaluated
at ω. Then, we define our trial and test functions by qj(ω)⊗ eiωx,
where qj is a Schur vector of L(ω).

As in the scalar case, this approach yields O(∆t2K) local tempo-
ral error, where K is the number of nodes in each Gaussian quadra-
ture rule, even though L is not self-adjoint. The recursion coeffi-
cients, nodes and weights can be computed in the same manner as
in the scalar, self-adjoint case. The result is an implicitly-defined
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operator splitting of the form (6). Numerical results presented in
[4] demonstrate the effectiveness of KSS methods for such systems.

6 Summary

For both parabolic and hyperbolic variable-coefficient PDE, a re-
formulation of KSS methods that eliminates the need to perturb
quadrature rules reveals that these methods are actually implicitly-
defined high-order operator splittings. Although the stages of the
splitting are not easily described, efficient algorithms for comput-
ing appropriate derivatives of the nodes and weights allow efficient
implementation of these methods. We have also shown that KSS
methods can also be readily generalized to systems of coupled PDE
through an appropriate choice of trial functions.
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