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Abstract

In this paper we consider the one dimensional inhomogeneous wave
equation with particular focus on its spectral asymptotic properties
and its numerical resolution. In a first part of the paper we analyze the
asymptotic nodal point distribution of high frequency eigenfunctions,
which, in turn gives further information about the asymptotic behavior
of eigenvalues and eigenfunctions. We then turn to the behavior of
eigenfunctions in the high and low frequency limit. In the latter case
we derive an homogenization limit whereas in the first we show that a
sort of self-homogenization occurs at high frequencies. We also remark
on the structure of the solution operator and its relation to desired
properties of any numerical approximation.

We subsequently shift our focus to the latter and present a Galerkin
scheme based on a spectral integral representation of the propagator
in combination with Gaussian quadrature in the spectral variable with
a frequency-dependent measure. The proposed scheme yields accurate
resolution of both high and low frequency components of the solution
and as a result proves to be more accurate than available schemes at
large time steps for both smooth and non-smooth speeds of propaga-
tion.
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1 Introduction

In this paper we consider the one dimensional inhomogeneous wave equation

{6ttu —(2)0pu =0 in (0,1) xR, (11)

u+ B0,u =0 on {0,1} xR,

with =0 and ¢ € Ly (0,1) and strictly positive. Our results remain valid
for any (8 but, for the sake of brevity, we shall present them for the case
8 = 0 only. After some remarks on the structure of the solution operator
and on the implications for its numerical approximability, we turn to the
main focus of the paper: Spectral asymptotics and numerical resolution of
(1.1).

As for the asymptotic spectral properties of the generator, the general
result of [17, Theorem 1.2.1] would readily imply that

1 d 2
A A2 <k7r// —:C) , k large
o c(z)

for the eigenvalues of the generator A = —c?(2)0,,. In this particular case,
however, led by the physical meaning of the coefficient ¢, we are able to
obtain information about the asymptotic behavior of the nodal points of
high frequency eigenfunctions and, from that, infer about their asymptotic
shape. The analysis is based on a shooting method for the computation of
the eigenvalue/eigenfunction pairs and the self-similar nature of the problem
in combination with the use of a canonical transformation. In particular,
we observe that a sort of self-homogenization occurs at high frequencies (cf.
section 2.3). It turns out that the same ideas can be profitably employed
to obtain homogenization results for rapidly varying coefficents. These are
similar to the result derived in for instance [14] for the self-adjoint case
using a variational approach. Here, however, our focus is an asymptotic
approximation for the spectrum and we present the approach in section 2.4.

Then, in section 3, we integrate some of the ideas developed into a nu-
merical approach to high order/large time step resolution of (1.1). This
approach employs Krylov subspace spectral methods, first introduced in
[12]. These methods are Galerkin methods in which each component of the
solution in the chosen basis of trial functions is computed using an approx-
imation of the propagator belonging to a low-dimensional Krylov subspace
of the operator A. Each approximation is based on the use of Gaussian
quadrature to evaluate Riemann-Stieltjes integrals over the spectral domain
as described in [7]. Because the Krylov subspace approximation of A is
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constructed using Gaussian rules that are tailored to each component, all
components can be resolved more accurately than with traditional spectral
methods.

Based on the encouraging results for the one dimensional case, we intend
to pursue the possibility of adapting the techniques used in this paper to
perform similar analysis in the higher dimensional case.

2 Analytic structure of the propagator

In this section we derive a spectral representation formula for the solution of
the inhomogeneous wave equation in a bounded one dimensional interval as
given in (1.1). In order to do so we need to analyze the spectral properties
of non-selfadjoint boundary value problem (A, B) given by

A = cA(2)0ps (2.1)
B=1,j=01

where 7, denotes the trace operator at j = 0,1. This is done in subsec-
tion 2.1. The analytic structure of the solution makes the relation between
the conservation and reversibility properties of the equation apparent (sub-
section 2.2). In particular they can be concisely formulated in terms of a
functional relation satisfied by the propagator (evolution operator).

2.1 Properties of the generator

We start by collecting some information about the spectral properties of the
generator, that is, of the boundary value problem (2.1)-(2.2). We therefore
study
—(2)Oppu = \u, (2.3)
u(j) =0, j=0,1. (2.4)
Lemma 2.1 All eigenvalues of (2.1)-(2.2) are strictly positive real and sim-

ple. The eigenfunction corresponding to the first (smallest) eigenvalue can
be chosen to be positive.

Proof Assume that A € C is an eigenvalue of (2.3)-(2.4) and u an associated

eigenfunction, then
1 2 1
)\/ |u2(ac)| dx:/ |0pu(x)|? da
o c(z) 0
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which implies the positivity of the eigenvalue. Moreover, an eigenvalue of
(2.3)-(2.4) is given when the boundary conditions are linearly dependent and
therefore the kernel has always at most dimension one, which gives simplicity
of the eigenvalues. Finally since the operator has empty kernel and compact
resolvent, the spectrum is a pure point spectrum which concludes the proof.
O

Borrowing from the self-adjoint terminology, we call the first eigenvalue
A1 the principal eigenvalue. Next we show that it is a strictly monotone
function of the size of the domain.

Lemma 2.2 Let xg € (0,1) and \i(zg) be the principal eigenvalue for the
Dirichlet problem for —c*(x)0ys on [0,2¢]. Then

)\(561) > )\(IE()), O<zi <29 < 1.
Proof Normalizing eigenfunctions ¢ by the requirement
0:¢(0) =1

we can look for them by considering the initial value problem

{—amu = Az € 0,1], 25)

w(0) = 0, dyu(0) = 1.

For A = 0 no nontrivial solution can be found, but, by increasing its mag-
nitude the value of the solution at x = 1 can be reduced until it becomes
zero for the first time. This gives A\; and ¢1 > 0 for [0,1]. It is therefore
also obvious that A needs to be further increased to obtain a zero at z1 < 1,
which, in its turn, determines A; and ; for the interval [0,z]. O

It turns out that we can determine all other eigenvalues and order them
according to their size or equivalently according to the number of their zeros.

Lemma 2.3 For every n € N there is exactly one simple eigenvalue A, > 0
for the Dirichlet problem for —c?(x)0z, on [0,1] such that the associated
eigenfunction oy, has exactly n+ 1 zeros (counting the boundary points).

Proof By using exactly the same arguments as in the proof of lemma 2.2
one can obtain all eigenfunctions as solutions the initial value problem (2.5)
by gradually increasing A in order to produce, one by one, new zeros in the
interval [0, 1]. They therefore can be numbered by using their zeros. O



1D WAVE PROPAGATION )

Next we introduce a functional setting which allows us to obtain a spec-
tral representation of the operator. Let Ly(0,1) be the Lebesgues space of
square integrable functions. Denote by A the Ly(0, 1)-realization of A with
domain of definition given by dom(A4) = H?(0,1) NH}(0, 1), the space of H?
functions which vanish on the boundary. Since A has compact resolvent, it
allows for a spectral calculus.

Lemma 2.4 The operator A can be represented by

n=1

where (on)nen and (@) )nen are the eigenfunctions of A and A* to the eigen-
value A, respectively. Here A* is given by the La-realization of —0,q(c?(x)-)
with Dirichlet boundary conditions.

Proof Since all eigenvalues are simple and A = 0 is not one of them the
operator A~ does not contain any nontrivial Jordan blocks nor does it
contains a quasi-nilpotent operator. It follows that the operator A allows
for the claimed spectral representation. See [3] for more details. One needs
only to observe that the spectral projection E)  is given by (¢, -), where
@y can be defined through

on Lspan{py : n# k€ N} and (g7, on) =1

and can be easily verified to be an eigenfunction of A* to the eigenvalue A,.
O

Remark 2.5 In general, the functions (pn)nen are not an orthogonal sys-
tem. They are, however, asymptotically orthogonal for smooth ¢ and almost
orthogonal for small perturbations of a constant ¢ as we shall see in the next
sections. It should be observed that the operator A becomes self-adjoint with
respect to the weighted scalar product

1
(u|v):/0 u(z)v(z)/c(x) dx .

This provides a different point of view but produces the same spectral reso-
lution of A. See also 2.7.
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2.2 Structure of the solution

The spectral representation of the generator A allows us the obtain a rep-
resentation of the solution operator (propagator) in terms of the sine and
cosine families generated by A by a simple functional calculus. Introduce

Ryi(t) = A~L/2 sin( t\/— Z sin t\/_ (O Yon (2.7)

Ry(t) = cos(tV/A) : Zcos (VA (@5, Yo (2.8)

where taking the square root of the operator poses no problem eventhough
the operator is not self-adjoint. Then the propagator of (1.1) can be written

" Rot)  Rat)
P(t) = [_ A(}h 0 R (t)} : (2.9)

Remark 2.6 The fact that the wave equation is reversible can be seen through
the identities

Ry(t) + AR} (t) = idp,(0,1), Ro(t)R1(t) = Ri(t)Ro(t), t€R  (2.10)
which imply

P(t) P(—t) = P(—t) P(t) = idL2(0,1) 0

. 2.11
0 ldLg(O,l) ( )

We observe that our ultimate goal is an efficient numerical scheme for the
solution of (1.1). We are in particular interested in non dissipative and non
dispersive schemes. The functional relations (2.10) make the constraints
apparent which such a scheme should satisfy. Next we introduce an appro-
priate energy norm | - || 4 and show that it is conserved along solutions
of (1.1). This is done by means of the basis development in terms of the
eigenfunctions (¢p,)nen. Let u € Ly(0,1), then we can write
o0

U= Z <‘Prmu>§0n .

=1
n wn

Then, taking (u,v) € H§(0,1) x Lg(0,1), we define

o0

(o)l g = | D (Anu +02) (2.12)

n=1

whenever the right-hand-side is finite.
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Remark 2.7 It is not a priori clear that (2.12) does define a norm which
is equivalent to the standard norm of Hy(0,1) x Lo(0,1). This follows from
the fact that, in the described setting, @ = p,/c*(z) and the fact that the
speed of propagation is bounded above and below. The relation between the
eigenfunctions is a manifestation of 2.5. This also means that (@ )neN S @
frame and (¢} )nen its dual frame. For a definition and characterization of
frames we refer [2].

Lemma 2.8 For any solution of (1.1) with =0 one has
(@), a®) ]l 7z = 1(u(0), @(0) [l 7, t €R. (2.13)

Proof Denote the initial value (u(0),%(0)) by (u’,4"). Then, by developing
in the basis of eigenfunctions, we can write the solution as

(u(t). (1)) = (3 [eostr/An)u + ——sin(ty/A)il] oo
n=1 n

o
Z [— VA sin(ty/An)ul + cos(t\/)\—n)ug] @n) . (2.14)

n=1

A simple computation then shows that

Z {An[cos(tm)u% + sin(t\/)\—n)ug}z

n=1

1
Van
+ [ = VAnsin(ty/An)ud + cos(t\/)\n)ug]Q} = i A (ud)? + (u2)?.

n=1

2.3 High frequency spectral asymptotics

In this subsection we show that a sort of self-homogenization occurs at high
frequency which makes the asymptotic behavior of the eigenvalues and eigen-
functions of A very simple. We begin with the following lemma concerning
small perturbations of the constant coefficient case.

Lemma 2.9 Assume that ¢ € Cl([O, 1]) 1 almost constant, that is, that
| |loo < . Then the spectrum of A is a small perturbation of that of the
operator A given by

dom A = H?(0,1) "H}(0,1), Au = &® dppur, u € dom(A) (2.15)
_ 1 —1
forc:(foﬁd:c) .
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Proof Introducing the change of variables given by

xX

1

y=o(x) = E/ — d¢ (2.16)
o c(§)

which leaves the interval invariant, the operator A in the new variables takes

on the form
cQ(ac)am =2 Oyy — Ec'(fb_l(y))ay .

The result then follows from the continuous dependence of the operator on
its coefficient functions. O

Remark 2.10 [t should be observed that the coefficient ¢ can be thought of
as the speed of propagation through the medium in the interval [0,1]. Then
the integral fol ﬁ dx can be interpreted as the time it takes to go from one
end to other of the medium. Thus the averaged coefficient actually measures
the “effective size” of the interval.

It turns out that this kind of averaging is always taking place regardless
of the size and shape of the coefficient ¢, at least at high frequencies. The
next proposition makes this precise and also gives an approximation for the
high frequency eigenfunctions.

Proposition 2.11 For large n € N the asymptotic behavior of the eigen-

vliaues of A is given by

PR (i (2.17)

1 1 2"
(Jo =& 9¢)
Moreover, the eigenfunctions p, have the following asymptotic shape
T —Tj-1 )

, T E|Ti—1,T 2.18
Tj— i1 [] 1 J] ( )

¢n(x) ~ sin(m

where 0 = xg < 21 < --- < x, = 1 have to be chosen such that

Zj 1 1 1 1 -
/x“@df—g/o @dé,J_l,...,n. (2.19)

Proof We know from lemmata 2.1-2.3 that the n-th eigenfunction ¢,, has
n + 1 zeros in [0, 1]. Denote them by

O=xo<1 <" <xp=1.
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If A\, is the associated eigenvalue, then it is also the principal eigenvalue M,
of the problems

{c2(x)amu = \u, in [z-1,2;]
u(zj—1) =u(z;) =0.

for j = 1,...,n. So, in particular one has M, = Ay g =1,...,n. By blowing
up the intervals [z;_1, ;] to the fixed interval [0,1] by means of

v =1 +y(r;—x), y€0,1]

we obtain

(zj—zj-1)?

—CW g i=xi, inl0,1]
u(0) =u(l) =0.

where now é(y) = ¢(xj—1 + y(z; — xj—1)) is a slowly varying coefficient
provided n is large. Lemma 2.9 therefore gives

. 2 1 i 1 -2 N
N~ ( / ® T e
(j —wj—1)* @y —wj—1 Joy, c(§) (fzj]—l % df)Q

and subsequently that

] 1
—de==- | —d
/ (% n/o © "

J

since we know already that A\l = --- = A" = )\,. We conclude that the
subintervals are uniquely determined. Lemma 2.15 also entails that the
eigenfunctions on the subintervals all have approximately the form

St?—ij,l )

e |Ti1,T5]|.
T — 71 ) [zj-1, 74]

@l (z) = sin (m

a

Remark 2.12 It is interesting to observe that to first order the asymptotic
behavior of the eigenvalues only contains average information concerning the
coefficient whereas the asymptotic behavior of eigenfunctions reflects local
averages taken at the scale determined by the number of its zeros.
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2.4 Low frequency spectral asymptotics

In this section we consider the asymptotic behavior of the low frequency
part of the spectrum. We describe it in the regime where the length x( of
the medium is large. That is, we consider the problem

{_02(x)amu =M, a €0, (2.20)

u(0) =0, u(xg) =0

in the limit 9 — oco. Observe that we allow for large O(1) fluctuations in
the local speed c. If we set € = 1/x and make the change of variables y = ex
this problem becomes

{_02 (%) 8yyu6 = G%UE = )\EUE’ Yy € [O’ 1] ) (221)

u(0) =0, u(1) =0.

This is a homogenization scaling. The self-adjoint case when o is periodic is
discussed in [1], for instance, and the case when o is random and varies on
a microscale is discussed in [10]. Wave propagation in the quasistatic limit
correpsonding to a scaling of the above type is discussed in for instance [14,
15] where the group velocity in this limit is derived from the homogenized
equations. Here we consider the leading part of the spectrum of the non self-
adjoint problem with rapidly varying coefficients. It can be characterized
by the following proposition.

Proposition 2.13 Let zyp € R and (A (x0), on(x;z0) be the n’th pair of
eigenvalue and function of the Dirichlet problem (2.20). For f € C! assume
that

Yy B s B Yy »
/0 2 (—) f(s)ds:c*z/o F(s)ds(1+ O(e?)) (2.22)

€

with
1
0;2:lir% c2(s/e)ds, 0<c<c(r)<é<oo, p>0.
€— 0
Then
(o) ~ (nm)?c2/xd (2.23)
2
on(x;20) ~ 1/ — sin(nmx/xg) (2.24)
o

as xy — 0.
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Proof As in the proof of Proposition 2.11 we use a shooting argument to

solve the eigenvalue problem. It involves normalizing the eigenfunction by

requireing dy¢(0) = 1 and writing (2.21) as:

—0yyy ¢ = 72 (L) X" €10,1

yy‘P c (6) SO ) y [ ) ]7 (225)
¢°(0) =0, dyp(0) = 1.

Again for A = 0 no non-trivial solution can be found. By increasing A€ the
value of ¢° can be reduced until it becomes zero for the first time. This value
gives the first eigenvalue A{ and the corresponding leading eigenfunction
¢§. In order to describe these for xq large we introduce v = (v1,v2)7 =
(o5, <piy)T and obtain the initial value problem

. 0 1 _ T
Uy = |:_)\502 0:| v, U(O) - (07 1) .

Then, we construct an approximating sequence v™ by letting

and
o 11 .,
n n
= > .
vy, [ A2 0} ", n>1, (2.26)
with v™(0) = (0,1). The increments 6v" = v" — v(®~1 solve the same

equation (2.26) and we find

Y
16671 (y) < (1 + (x2/2)?) /0 160111y (s) ds.
Observe next that

160! |1 (y) = A§ < ay,

1

[fg(C_Q - 6(22)0?(5) ds]

and
n

ow ) < 00,
n.

where here and below c¢; are constants independent of e. Thus, v" form a
Cauchy sequence and

sup o} — ¢f|(y) < e
y€(0,1)
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We next establish that ! is close to the principal eigenfunction associated
with the constant speed c,. This follows since explicitly

sin(y/A§/c2y)
Sz

moreover, |[v)(1)] < e?exp(cy) and y = 1 is the first zero of ¢ which is a
positive function, thus, Jey > 0 such that Ve < ¢q:

W) =

NS = (me.)?| < ey

sin(7y
sup [ (y) — 2 < e,

ye(0,1)

Finally, upon a normalization and a change of argument we arrive at (2.23)
for n = 1.

Next, we consider the case with general n which follows by induction. Let
@, be the n’th eigenfunction associated with (2.25) which can be constructed
as above via a shooting procedure where A\ is successively increased. The
eigenvalues are again identified with those values for A¢ that give a new zero
in the interval [0, 1], since the additional zero only can enter at y = 1 because
@y = 0 only for ¢ = 0.

Now assume that (2.23) hold for the first n eigenfunctions. Then, Jeg > 0
so that for € < ¢g

9,5, (1] > 1/2,

it follows that Jci(n) > 0 such that [A5, | — 5| > ci1(n). By an argument

as above Jca(n) such that
sin(/ 31/ y)
sup [y, 41(y) — | < ePe2)

ye(0,1) X /e

and we find Jez(n) > 0 such that sin(y/AS;/c2y) has exactly n 4 2 zeros

in [0,14 €Pc3(n)]. Now, by proceeding as above, (2.23) follows for n+ 1 and
therefore for general n. O

Remark 2.14 The condition (2.22) is satisfied with p = 1 if for instance
¢ (z) = 21+ 4 (2))
with p(x) being a bounded function. More generally for

ca) = (L +v(@)
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we find

/Oy 2 (2) f(s)ds = e </Oyf(8)ds+e (Y (L) rw) - /Oyy (2) s dS))

with

Thus, if Y (z) = O(«'™P) with p > 0, then (2.22) is satisfied.

3 Krylov Subspace Spectral Methods

In this section we apply Krylov subspace spectral methods developed in [12]
to the problem (1.1) with § = 0 and the initial conditions

u(z,0) = f(x), wuz,0)=g(x), =€ (0,1). (3.1)

3.1 Symmetrization

We first apply two transformations to the differential operator A = ()0,
defined in (2.1). As in previous discussion, we focus on the operator A that
is the Lo(0,1)-realization of A defined on dom(A) = H?(0,1) N HZ(0,1).
First, we apply the change of variables (2.16) to obtain

A =0p —cd (1 (2))0, (3.2)
where, we recall,
] L1
g ( /0 @d§> (3.3)
and s 1
O(x) = E/O @d& x € (0,1). (3.4)
Next, we define the transformation V' by
V@) =) f(z), (3.5)
where L
vy =ewp |5 [" @ eae]. (36)
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which yields
A, = VAvy
= VYV flaow —e(d 0 ® N[V fla}
= P HEWS 20 f " f] -
a(d o @ Nwf + ¢ f1}

= &f'+
:2 <%> & —e(do @1)] I+
() 2+ () eeeo]s

— E_zf" + (3.7)
((Ec’ 02<I>1>2 N e(d 02@1)/> &2 4

%(Ec’ o @_1)2] f

It is easy to see that these transformations have the property that they
symmetrize the operator A, and they also respect the boundary conditions;
ie., if f € dom(A) = H%(0,1) N H}(0,1), then V(f o ®1) € dom(A), and

conversely.

3.2 Krylov Subspace Spectral Methods for IBVP

Once we have preconditioned the operator A, to obtain a new self-adjoint
operator A, we can use Krylov subspace methods developed in [12] to com-
pute an approximate solution. These methods are Galerkin methods that
use an approximation for each coefficient of the solution in the chosen basis
that is, in some sense, optimal.

3.2.1 Reduction to Quadratic Forms

Using a standard Galerkin approach, we begin with an orthonormal set of
N trial functions

du(x) = V2sin (rwzx), 0<w<N, (3.8)

that satisfy the boundary conditions. We seek an approximate solution

N
22(:6,75) = Zﬂw(t)¢w(x)a (3'9)
w=1
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that lies in the space spanned by the trial functions, where each coefficient

Uy, w = 1,..., N, is an approximation of the quantity
U (t) = (@u, u(-,1)). (3.10)
Since the exact solution u(x,t) is given by
u(z,t) = Ro(t)f () + Ri(t)g(x), (3.11)

where Ry(t) and R;(t) are defined in (2.7), (2.8), we can obtain , by
approximating each of the quadratic forms

e (1) (9w +6f, Ro(t)[¢w + 6. f]) (3.12)

cy(t) = (b —0f, Ro(t)[p — 0 f]) (3.13)

sy (t) = (bu+ g, Ri(t)[bn + 6g)) (3.14)

55(t) = (¢w — g, R1(t)[¢w — 0g]) (3.15)
where § is a nonzero constant, since

46 46

Similarly, we can obtain the coefficients 7, of an approximation of w;(x,t)
by approximating the quadratic forms

) = (o +3f, ARi(t)[dw + 6 f]) (3.17)
() = —(bw—0f, AR1(t)[¢w — Of]) (3.18)
so() = (bu+ 89, Ro(t)[¢w + dgl) (3.19)
s,(t) = (¢ —0dg, Ro(t)[bo — dg]) - (3.20)

As noted in [12], this approximation to w(x,t) does not introduce any error
due to differentiation of our approximation of u(z,t) with respect to t—the
latter approximation can be differentiated analytically.

It follows from the preceding discussion that we can compute an approx-
imate solution u(x,t) at a given time 7" using the following algorithm.

Algorithm 3.1 (Krylov Subspace Spectral Method for IBVP) Given
functions c¢(z), f(x), and g(x) defined on the interval (0,1), a final time T,
and an orthonormal set of functions {¢1,...,oN} that satisfy the boundary

conditions, the following algorithm computes a function u(x,t) of the form
(3.9) that approzimately solves the problem (1.1), (3.1) fromt=0tot =T.
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t=20
Choose a nonzero constant §
while t < T do
Select a time step At
f(x) = ’ll(.%', t)
g(e) = i(a, 1)
for w=1to N do
Compute the quantities ¢ (At (
(AL, e (At), w(At) , (md s (At)
Bu(AD) = & (¢ (AD) — e (A) + (o
B,(A1) = S (ary - San) + %@:(A Y =5 (A0)
end
(w, b+ At) = Y0 du(@)iu(Al)
dy(w,t+ At) = 320 du ()0 (At)
t=t+ At
end

\\_/
o
|
B
~
~—
»
€+
=~~~
B>
o~
SN—
Cnl
—~
B>
o~
SN—

3.2.2 Computation of the Quadratic Forms

We now discuss the approximation of quantities of the form

I[f] = (vn, f(A)on) (3.21)

where A is the Lo(0, 1)-realization of a self-adjoint differential operator A
defined on dom(A) = H?(0,1) N H(0,1), f is a given analytic function and
vy (z) is a function of the form

N
=) uugu(x). (3.22)
w=1
Given this representation of vy, we can approximate this quantity by
IN[f] = vif(An)vn (3.23)
where vy = [ on(z1) -+ un(zN) }T, and Ay is an N x N symmetric ma-

trix that approximates the operator A on the space spanned by {¢1,...,¢n}.
For example, we may choose

N
(ANl = > drl@)(br, Ade)de(;), (3.24)

k=1
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or use a finite-difference approximation that takes the boundary conditions
into account. In particular, if we use a three-point stencil, then Ay is a
tridiagonal matrix.

We can compute this quadratic form using techniques described in [4].
Let Ax have eigenvalues

GZ)qZ---Z)\NZb, (3.25)
with corresponding eigenvectors qi,...,qn. Then
IN[f] = vif(An)vN (3.26)
N
= D fOy)lajvnl (3:27)
j=1
b
_ / FO) da(n) (3.28)
where a()\) is the piecewise constant measure
0 A<a
a(d) =4 Yl val A S A< i (3.29)

S lalval? b <A

We can approximate the value of this Riemann-Stieltjes integral using Gaus-
sian quadrature. Applying the symmetric Lanczos algorithm to Ay with
initial vector vy, we can construct a sequence of polynomials p1,...,px
that are orthogonal with respect to the measure «(\). These polynomials
satisfy a three-term recurrence relation

Bir1pj+1(A) = (A — ajp1)pi(N) — Bipi—1(N), (3.30)
1
p-1(A) =0, po(A) = —, (3.31)
[Vl
which can be written in matrix-vector notation as
APk (A) = Jkpr(A) + Brpr (N)ex (3.32)
where
[ a1 B 1
po(\) i S
Pr(A) = : . Jr = . (3.33)
pr-1(A) I )
i Brk-1 ax |
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It follows that the eigenvalues of Jg are the zeros of px(A), which are
the nodes for Gaussian quadrature. It can be shown (see [8]) that the
corresponding weights are equal to the squares of the first components of
the normalized eigenvectors of J.

3.2.3 Accuracy of the Approximate Solution

We now state and prove a result concerning the accuracy of each component
of the approximate solution. We first use the following result from [12].

Lemma 3.2 Let A be an N x N symmetric positive definite matriz. Let u
and v be fized vectors, and define us = u+ dv. For j a positive integer, let
Gj(0) be defined by

- 1 j

3;(0) = e1 Tiex [[us3, (3.34)
where Ty is the K x K Jacobi matriz produced by the K iterations of the
symmetric Lanczos algorithm applied to A with starting vector us. Then,
for some n satisfying 0 < n < 9,

g;(0) — g;(=9)

5% = ulAlv +

/ .
T {TKXT - XTA’f] refL 79 leiuTu+  (3.35)

2 'K ! —k—1 ’
el [TfX;;r —X(;TAI‘;} rser T " ejug ug

6 k=K 5
Proof See [12]. O
Corollary 3.3 Under the assumptions of the lemma,
G:(8) — di(—6 }

20
for 0 <j <2K.

We can now describe the local truncation error of each component of the
computed solution.
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Theorem 3.4 Assume that c(x)?, f(x), and g(x) belong to span{¢1,...,on},
and let u(x,At) be the exact solution of (1.1), (3.1) at (z,At), and let
u(x, At) be the approzimate solution computed by Algorithm 3.1. Then

[(fus u(-, At) = a(-, At))| = O(AEHF) (3.37)
where K is the number of quadrature nodes used in Algorithm 3.1.

Proof Let g(d) be the function from Lemma 3.2 with A = Apn,, where
Ng = 25N, u = ¢, and v = f, where f = [ f(z1) -+ f(zng) ]T
Furthermore, denote the entries of Ty by

a1(6) ()

B1(0) az(d)  Ba(d)

T — . (3.38)

Br—2(0) ax-1(8) Br-1(5)
Br-1(8) ax(d)

Finally, let o(d) = [lus|l2 and B (d) = [|r;]l2, and let

o = 35 (A1) — (A1) = (6, Ro(AD ) (3.39)
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Then, by Lemma 3.2 and Corollary 3.3,

> 2 0. I
(G Ro(A)f) = co = D (-1) (Aj;{@w, i) - %5(6)}

YA (i) - Tl g

= (24)!
j—K
of L [rpx] — xTAR,]|  refmiFle |+
k=K
O(S At
AR pd kT T gk T K
= @Ry g X0~ Ko An| | rexT o
O(5AHE)
AK L d &S T 4 K—j—1 T K1
= (4K)!e1 % ZTgeKr5ANK] rep 1" ""e; +
7=0 5=0
O(S At
AR oF d [rr-1 T pK—1 AK
= @0 @ [T eKr(g] ézoreKT e; + O(JAL™)
1AM d 2
_ PRl AHE
o [H el 7 le]’| - otarH)
1 At4K d 2
= .. A 4K
= O(At4K). (3.40)

A similar result holds for s, = (¢, Ri(At)g). O

Note that the proof assumes that Algorithm 3.1 uses a discretization
of A on an Ng-point grid, where N = 25X N. This grid refinement is
used to avoid loss of information that would be incurred on an N-point
grid when multiplying gridfunctions. In practice this refinement is seen to
be unnecessary when the coefficients are reasonably smooth. When it is
needed to ensure sufficient accuracy, its effect on the efficiency of Algorithm
3.1 is minimized by the fact that K is typically chosen to be small (say,
K = 2 or K = 3). Implementation details discussed in [13] also mitigate
this concern.
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3.2.4 Non-Orthogonal Basis Functions

Ideally, we would like our trial functions to be approximate eigenfunctions of
the symmetrized operator A obtained previously. Although the eigenfunc-
tions of this operator are orthogonal with respect to the inner product (-, ),
we cannot assume that any basis of approximate eigenfunctions is necessarily
orthogonal as well.

Suppose that we refine our initial (orthogonal) basis of approximate
eigenfunctions of the form (3.8) to obtain a new basis {¢@,,(z)})—}' so that
each function ¢, (x) is a sparse combination of functions of the form (3.8);
ie.,

d = dC (3.41)
where the matrices ® and ® are defined by
(I)ij = gbj(xi), ‘i’z‘j = &j(xi), xT; = iAw, 0<i< N, (3.42)

and the matrix C is sparse. Then, if we define the vector u(t) to be the
values of our approximate solution (z,t) at time ¢ and the gridpoints z;,
i=1,...,N —1, then we can efficiently obtain u(¢ + At) by computing

u(t + At) = C(CTC) ta(t + At) (3.43)
where the vector u(t + At) is defined by
[a(t + At)]w = (fu, Ro(D)a(-, 1) + Ri(t)in(-,t)), 0<w<N.  (3.44)

Generalizing, if we obtain the matrix ® representing the values of approxi-
mate eigenfunctions by a sequence of transformations C', . .., Cy where each
Cj, j =1,...,k, has O(1) bandwidth, and the integer k is small, then we
can still compute the solution in O(N) time per time step.

3.3 Numerical Experiments

To test our algorithm we solve the problem (1.1), (3.1) from ¢ =0 to ¢t = 1.

3.3.1 Construction of Test Cases

In many of the following experiments, it is necessary to construct functions
of a given smoothness. To that end, we rely on the following result (see [9]):

Theorem 3.5 Let f(x) be a 2m-periodic function and assume that its pth
derivative is a piecewise C' function. Then,

|f(w)| < constant/(|w|PT + 1). (3.45)
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Based on this result, the construction of a CP*! function f(x) proceeds as
follows:

1. For each w = 1,..., NV, /2 — 1, choose the discrete Fourier coefficient
f(w) by setting f(w) = (u+iv)/|wP! + 1], where u and v are random
numbers uniformly distributed on the interval (0, 1).

2. For each w=1,...,N/2 —1, set f(—w) = f(w).
3. Set f (0) equal to any real number.
4. Set f(z) =3 <nya f(w)em .

In the following test cases, coefficients and initial data are constructed so
that their third derivatives are piecewise C'', unless otherwise noted.

We will now introduce some functions that will be used in the ex-
periements described in this section. As these functions and operators are
randomly generated, we will denote by Ry, Rs, ... the sequence of random
numbers obtained using MATLAB’s random number generator rand after
setting the generator to its initial state. These numbers are uniformly dis-
tributed on the interval (0, 1).

We will make frequent use of a two-parameter family of functions defined
on the interval [0, 1]. First, we define

21() = Re Z Fiw) @+ |kl b Gk =0,1,...,
|w|<N/2,w#0
(3.46)
where )
[i(W) = Rjnj20+N/2)—1 T RNy 2(wrN/2)- (3.47)

The parameter j indicates how many functions have been generated in this
fashion since setting MATLAB’s random number generator to its initial
state, and the parameter k indicates how smooth the function is.

In many cases, it is necessary to ensure that a function is positive or
negative, so we define the translation operators E+ and E~ by

E* f(x) = f(x) ~ min f(@)+1. (3.48)
B f(x) = f(x) ~ maxx f(x) 1 (3.49)

It is also necessary to ensure that a periodic function vanishes on the bound-
ary, so we define the translation operator Fy by

E°f(x) = f(z) - £(0). (3.50)
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3.3.2 Discretization and Error Estimation
The problem is solved using the following methods:
e A finite difference scheme presented by Kreiss, et. al. (see [11]).

e The Krylov subspace spectral method with K = 2 Gaussian quadra-
ture nodes and the basis (3.8).

e The Krylov subspace spectral method with K = 2 Gaussian quadra-
ture nodes and a basis obtained by applying two iterations of inverse
iteration to each function in the basis (3.8).

In all cases, the operator A = ¢(x)?9,, is preconditioned using the transfor-
mations described in Section 2 to obtain a self-adjoint operator A. Then,
the Lo(0, 1)-realization of A defined on H?(0,1) N HA(0,1) is discretized us-
ing a matrix of the form (3.24) that operates on the space of gridfunctions
defined on a grid consisting of N equally spaced points z; = jAxz, where
Az =1/(N + 1), for various values of N.

The approximate solution is then computed using time steps At = 275,
k = 0,...,6, so that we can analyze the temporal convergence behavior.
Let u(®) (z,t), K = 0,...,6, be the approximate solution computed using
time step Aty. For k =0,...,6, the relative error Ej, in u®)(z,t) at t = 1 is
estimated as follows: We use the same method to solve the backward problem
for (1.1) with end conditions

w(z,1) = u®(z,1), wz1)=—-u (1), ze(01). (3.51)

Let v(®)(z,t) be the approximation solution of the inverse problem, for k =
0,...,6. Then we approximating the relative difference between v(*) (z,0)
and u*=Y(x,0) = f(x) in the Ly-norm; i.e.,

[u®(-,0) = vI¥(, 0)]|2
Ek ~ A )
[ul®)(-,0)]2

(3.52)

where

[u(k)]j = u(k)(xj,()), [V(k)]j = v(k)(xj,()), xj = jAwx. (3.53)

3.3.3 Results
We first solve the problem (1.1), (3.1) with smooth data

c(r) = fos(x), f(x)=fiz(z), g(z)= fa3(2). (3.54)
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wave speed c(x), smooth
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Figure 1: Smooth wave speed c(z) = fo 3(z)

The functions ¢(x), f(z), and g(x) are plotted in Figures 1, 2, and 3, re-
spectively.

The temporal convergence is illustrated in Figure 4, where N = 31 grid-
points are used in all cases. The finite difference method of Kreiss, et.
al. converges quadratically, whereas approximately 6th-order convergence is
attained using the Krylov subspace spectral method. Note that the use of
inverse iteration does not improve the convergence rate, but it does yield a
more accurate approximation for larger time steps.

In Figure 5, all three methods are used to solve (1.1), (3.1) with time
steps At = 27 and mesh sizes Az = 2-* 15 for k = 0,...,3. The
finite-difference method converges quadratically, while the Krylov subspace
spectral method without inverse iteration exhibits quintic convergence. Us-
ing inverse iteration, the convergence is only superquadratic, but this is due
to the fact that the accuracy is so high at Aty = 1 that the machine precision
prevents attaining a faster convergence rate for smaller time steps.
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initial data u(x,0), smooth
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Figure 2: Smooth initial data u(z,0) = f(z) = fi1,3(z)

Both experiments are repeated with data that is not as smooth. Specif-
ically, we use

c(z) = four(x), f(x)=fii(z), g(x)= f21(v). (3.55)

The functions ¢(x), f(z), and g(x) are plotted in Figures 6, 7, and 8, re-
spectively. The results corresponding to Figures 4 and 5 are illustrated in
Figures 9 and 10, respectively. As expected, the accuracy and the conver-
gence rate are impaired to some extent. This can be alleviated by refining
the spatial grid during the Lanczos iteration, as described in [12], in order
to obtain more accurate inner products of functions; we do not do this here.

3.4 Gaussian Quadrature in the Spectral Domain

Consider the computation of the quadratic form (¢, f (A)p,,) where ¢, (x)
is defined in (3.8) and A is defined in (3.7). Figures 11 and 12 illustrate
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initial data ut(x,o), smooth
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Figure 3: Smooth initial data w¢(x,0) = g(x) = fo3(x)

the relationship between the eigenvalues of A and the Gaussian quadrature
nodes obtained by the symmetric Lanczos algorithm that is employed by
Krylov subspace spectral methods. In Figure 11, the speed c(x) is defined
to be ¢31(x), which is shown in Figure 1. Since the speed is smooth, ¢, (z)
is an approximate eigenfunction of A, and it follows that the nodes are
clustered around the corresponding approximate eigenvalue. In Figure 12,
the speed is ¢(z) = 14 3 cos(32mz). Because of this oscillatory perturbation,
the eigenvalues do not define a smooth curve, as seen in the top plot. Note
that the sharp oscillations in the curve traced by the eigenvalues correspond
to sharp changes in the placement of the two quadrature nodes.
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Dirichlet problem, temporal convergence, smooth data
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Figure 4: Estimates of relative error in approximate solutions of the problem
(1.1), (3.1) with data (3.54) computed using finite differencing and Krylov
subspace spectral methods, with time steps At, =27%, k=0,...,6.

4 Conclusions

We have considered wave propagation in one dimension in the case of het-
erogeneous and complicated coefficients. Our point of view has been to
consider the analytical structure of the solution operator in order to derive
asymptotic properties for the spectrum. In particular, we considered non-
selfadjoint problems with small fluctuations in the coefficients and problems
where the fluctuations are large and rapid, respectively. We then derived
techniques for efficient and accurate numerical wave propagation that are
based on using low-dimensional Krylov subspace approximations of the so-
lution operator to obtain components of the solution in a basis of trial func-
tions in a Galerkin-type scheme. We demonstrated that this approach gives
a high-order approximation which converges faster than competing methods
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Dirichlet problem, overall convergence, smooth data
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Figure 5: Estimates of relative error in approximate solutions of the problem
(1.1), (3.1) with data (3.54) computed using finite differencing and Krylov
subspace spectral methods, with time steps At = 2~% and mesh sizes Az, =
2= (45 for k=0,...,3.

in the problems that we have considered.

Developing theory and numerical procedures for wave propagation in
rough and multiscale media is important in a number of applications, such
as analysis and design of algorithms for solving inverse problems related to
propagation in the ocean, the atmosphere or in the heterogeneous earth, for
instance. Such applications require us, however, to consider propagation in
several spatial dimensions, and our main aim is to generalize and integrate
further our approach to deal with multiple spatial dimensions.
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Dirichlet problem, overall convergence, non-smooth data
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Figure 10: Estimates of relative error in approximate solutions of the prob-
lem (1.1), (3.1) with data (3.54) computed using finite differencing and
Krylov subspace spectral methods, with time steps At = 27% and mesh
sizes Az = 2=+ for k=0,...,3.
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Approximate eigenvalues, smooth speed
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Figure 11: Approximate eigenvalues of the operator A = c¢31(2)04s,

and Gaussian quadratures nodes of a 2-point rule used to approximate
(¢, F(A)¢,) where A is defined in (3.7), plotted against the wave number
w. For each eigenvalue, the wave number is determined by the dominant
frequency of the corresponding approximate eigenfunction.
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Approximate eigenvalues, non—-smooth speed
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Figure 12: Approximate eigenvalues of the operator A = (1+% cos(327x) 0y,
and Gaussian quadratures nodes of a 2-point rule used to approximate
(¢, F(A)¢,) where A is defined in (3.7), plotted against the wave number
w. For each eigenvalue, the wave number is determined by the dominant

frequency of the corresponding approximate eigenfunction.



